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ABSOLUTELY UNIQUE FACTORIZATION IN A POLYNOMIAL 
DOMAIN IN NCNCOMMUTING INDEIERMTNA'ffiS
by
JIANN-JER CHEN
In  th is  paper we o b ta in  some r e s u l ts  concerning ab so lu te ly  
unique fa c to r iz a tio n  in  a  polynomial domain R = FfXjJ i  e r ]  , where 
F i s  a  (non-commutative) f i e ld  and [ x ^ |i  e r ]  I s  a  w ell-o rdered  
s e t  o f  nonconmuting in d e term ina tes.
Whenever f  e R I s  rep resen ted  as a  product f  = f-jfVj’ ' ’fn  j 
then  f  can be rep resen ted  as a  product
(1) f  = ( f 1u1 )(u1 f 2u2 ) • • • (un_ if n)
fo r  any u n its  ui>u2>*"  >un_ i o f R . We c a l l  a  fa c to r iz a t io n  f  =
f j f 2*-*fn o f f  a s  a  product o f  elem ents o f  a s ta te d  type ab so lu te ly
unique i f  every o th e r re p re se n ta tio n  o f f  as a  product o f elem ents o f
th e  s ta te d  type has the  form (1 ) above.
In  Chapter 3 i t  i s  shown th a t  the  prime fa c to r iz a t io n  f  =
f ..f _• • • f  o f f  in  R I s  ab so lu te ly  unique i f f  th e re  e x is t  no p . , p .
n 2
in  R such th a t  p^ f^  + f 1+1P^2 = 1 fo r  each I  = 1 , 2 , • • •  ,n - l  . This
r e s u l t  was f i r s t  proved by A. J .  Bowtell and P. M. Cohn [3 ] . Moreover,
v
we show th a t  i f  f  = f ^ f 2 • • • i s  a  prime fa c to r iz a tio n  o f f  and fo r
each i  = 1 ,2 , • • • ,n - l  th e re  e x is t  no p. , p . i n  R w ith deg p . <
1 2 1 
deg f i+1  , deg pi ^ < deg f^  such th a t  p.  ^ f^  + f 1+2_Pj_2 = 1 » then  th e
prime fa c to r iz a tio n  f  = f-^f2 * * • i s  abso lu tely  unique. In  th is
chapter we a lso  show sev e ra l theorems about the prime fa c to r iz a tio n s  o f
an element f  in  R , i f  th e  prime fa c to r iz a tio n  o f  f  i s  not ab so lu te ly
unique.
In  Chapter 4 we define sev e ra l types o f fa c to r iz a tio n s  o f  the  
elements in  R . We say f  e R i s  A -p a rtia lly  homogeneous (A-p.hom.)
i f f  th e re  e x is ts  a  f i n i t e  s e t  A c  r  such th a t  f  i s  homogeneous in
{Xj,|i e A} . We c a l l  the  degree o f f  in  {xi | i  e A} A-degree and
denote i t  by deg^f . f  e R i s  c a lle d  A-nice i f f  i t  has a prime f a c to r i ­
z a tio n  f  = p-jP2 ' • *pn such th a t  deg^p^ > 0 fo r  a l l  i  . We show th a t
i f  f  i s  A-p.hem. in  R and f  = f , f -,• • • f  i s  th e  fa c to r iz a tio n  o f  f  ^ 1 2 n
such th a t  each f^  i s  A-nice o r  o f  A-degree = 0 and deg^f^ = 0 im plies
degAf i+ l  > degAf i  > 0 irr?3lies degA*i+l = ° 5 tJien f a c to r iz a tio n
o f f  i s  ab so lu te ly  unique. I f  f  e R has a fa c to r iz a tio n  f  = f ^ f2 ' * ’
in to  prim es, we say f  has length  n . Let = {p e R|p i s  prime with
zero constant te rn}  , C2 = {q e R |q i s  prime w ith nonzero constant term} ,
S1 = {f e R |f  = P2.P2 ' ’ ‘Pn fo r  soms pi  e Cl } » ^  = *s  e Rlg = ql q2” ,qm
fo r  soms q^ e C2> . Let f  = ^ 2 ’ ” f n ’ We c a l i  th i s  fa c to r lz a tio n
o f f  a  (max S^,min S2) fa c to r iz a tio n  provided: ( l )  I f  f^  e , then
f i+ l  e S2 J l f  f i  e S2 * then  f i+ l  E Sl* f i  e S1 l s  ° f
maximal len g th ; (3) Each f^  e S2 i s  o f  minimal len g th ; (4) f^  e ,
i f  f  has an S1 £ -fa c t  or ( l e f t  f a c to r ) ;  otherw ise ^  e S2 , A (max S p
max S2) fa c to r iz a t io n , e t c . ,  i s  defined s im ila rly -  We show th a t  i f
f a f j f y - ' f ^  i s :  (A) a (max S1 ,min S2) fa c to r iz a tio n , o r (B) a
v i
(max S^max S2) fa c to r iz a tio n , o r (C) a  (max S2 ,max S1) fa c to r iz a tio n , 
o r  (D) a  (max S2,min S^) fa c to r iz a tio n , then t h i s  fa c to r iz a tio n  i s  
ab so lu te ly  unique.
In  Chapter 5, we d iscuss th e  abso lu tely  unique prim ary fa c to r iz a ­
tio n  o f  an element in  R . An element f  e R \ U ( R )  i s  c a lle d  p-prim ary
fo r  some prime p i f f  every prime fa c to r  o f  f  i s  s im ila r  to  p , where
U(R) i s  the  group o f u n its  o f R . We c a l l  f  = f-jf2 ' '  ’ a  primary
fa c to r iz a tio n  o f  f  i f f  each f^  i s  p^-prim ary fo r some prime p1 
and pi  Pj (pi  i s  not s im ila r  to  P j) whenever i  ^  j  . We prove 
th a t  a  primary fa c to r iz a tio n  f  = f ^ f 2"  ‘ o f  f  i s  ab so lu te ly  unique
i f f  th e re  e x is t  no t .  , t .  in  R such th a t  t .  f .  + f .  ,-,t.  = 1
1*^ I 2 l  2
fo r  each i  = l , 2 ,* * * ,n -l.
Throughout th e  paper examples a re  given following most o f  the  
theorems in  o rder to  i l l u s t r a t e  th e  theory and in d ica te  th e  n ecessity  
o f some o f the  hypotheses.
v i i
CHAPTER I  
INTRODUCTION
An In te g ra l  domain R w ith un ity  i s  c a lled  a  r ig h t  weak Bezout
domain by P. M. Cohn [4] i f f  aR A bR and aR + bR a re  p r in c ip a l r ig h t
id e a ls  o f R fo r  a l l  a , b e R such th a t  aR A  bR ^ 0 . Since an
in te g ra l  dcmain i s  a  r ig h t  weak Bezout domain i f f  i t  i s  a  l e f t  weak
Bezout domain [4 ] ,  th e re  i s  no need to  d is tin g u ish  between the  two.
Some examples o f  weak Bezout domains o ther than p r in c ip a l r ig h t  id e a l
domains a re  th e  polynomial domain F[x.J i  e r ]  and the  power s e r ie s
domain F [ [x .J i  e r ] ]  , where F i s  a  (noncornnutative) f ie ld  and
[X jJi e r ]  i s  a  w ell-ordered s e t  o f noncanmuting inde te rm ina tes . '
A noncoirmutative unique fa c to r iz a tio n  domain was form ally defined
by P. M. Cohn [4 ] ,  th a t  i s ,  an in te g ra l  dcmain R such th a t  every non- 
$
u n it r  o f R = R ss{0}  has a  fa c to r iz a tio n  in to  prim es: r  = P;iP2* " P n>
and i f  r  = g jg ^ ’ “ Sm I s  another such fa c to r iz a tio n , then  n = m and
th e re  i s  a  perm utation a on {1 , 2, • •• ,n} such th a t  pi  and ga ( j j
a re  s im ila r  fo r  i  = 1 ,2 , • • • ,n  . As fo r the  notion o f s im ila r i ty ,  two
elements a ,  b o f an in te g ra l  domain R a re  r ig h t  s im ila r  i f f
R/aR = R/bR , as R-modules. Since in  an in te g ra l  domain R/aR = R/bR
i f f  R/Ra = R/Rb [ 6] ,  we simply c a l l  a  and b s a t i s f y i n g  the  condition
s im ila r  and denote i t  by a  ^ b . I t  i s  known th a t a  weak Bezout domain
£
R i s  a  unique fa c to r iz a tio n  dcmain i f f  every nonunit in  R has a  prime 
fa c to r iz a tio n  [4 ] , Evidently , the  polynomial dcmain F [x ^ |i  e r ]  and 
the  power s e r ie s  dcmain F [ [x ^ |i  e r ] ]  a re  unique fa c to r iz a tio n  domains. 
We c a l l  a  fa c to r iz a tio n  a  = a i_a 2 ‘ ’ *an o f a  in  an in te g ra l
domain R as a  product o f elements o f  a  c e r ta in  type ab so lu te ly  unique 
i f  every o ther re p re se n ta tio n  o f  a  as a  product o f  elements o f th e  
s ta te d  type has the  form a = ( a ^ )  (u“1a2u 2) «• • (u^ i aR) > where 
ul» u2», , , »un i  32,6 u n its  in  R . I t  i s  known th a t  every nonzero, non­
u n it element o f the  power s e r ie s  domain F [ [x ^ |i  e r ] ]  has ab so lu te ly  
unique fa c to r iz a tio n  in to  primes [9 ] . But not every nonzero, nonunit 
element o f  the  polynomial domain F[x^| i  e r ]  has ab so lu te ly  unique 
fa c to r iz a tio n  in to  prim es. We know i f  a  polynomial in  F [x ^ |i  e r ]  i s  
homogeneous, then  i t  has ab so lu te ly  unique fa c to r iz a tio n  in to  prim es.
B ut, fo r  example, the  prime fa c to r iz a tio n  f  = x^(x2x.j+l) = (x.jX2+l)x^ 
in  Q[XpX2] i s  not abso lu tely  unique.
In  the  p resen t paper we d iscuss how abso lu tely  unique the  f a c to r i ­
za tion  o f an element in  the polynomial domain R = FCx^ji e r ]  i s ,  and 
o b ta in  some r e s u l ts  concerning i t .  This paper i s  divided in to  f iv e  
ch ap ters . The f i r s t  chapter i s  in tro d u ctio n .
Chapter 2 contains prelim inary  d e fin itio n s  and well-known r e s u l ts  
in  a  weak Bezout domain.
In  Chapter 3 we s t a r t  our work on the  polynomial domain R =
F [x ^ |i  e r ]  . We mention the  im portant p ro p e rtie s  in  the  polynomial 
domain R and use the  Euclidean algorithm  to  show R i s  a  weak Bezout 
domain. In  Section  3 we apply the  Euclidean algorithm  to  s im ila r  elements 
in  R and o b ta in  some p ro p e rtie s  between two sim ila r elements f  and f ' 
such as deg f  = deg f 1 , lodeg f  = lodeg f ' , d e g f  = deg^f' and 
lodeg^f = lodeg^f' , where deg f  i s  the degree of f  , lodeg f  i s  the 
low-degree of f  and deg^f (A-degree) i s  the  degree of f  in  
( x ^ | i  e A, A i s  a  f in i t e  subset in  r )  . In  Section ^ we define  th e  
ab so lu te ly  unique fa c to r iz a tio n  in to  primes o f an element in  R . By
3mathematical in duction  we show i f  each p a ir  o f ad jacen t fa c to rs  o f  the  
prime fa c to r iz a tio n  o f  an element f  has ab so lu te ly  unique prime 
fa c to r iz a tio n , then f  has abso lu te ly  unique prime fa c to r iz a tio n  
(Theorem 3 .19). We ob ta in  necessary and s u f f ic ie n t  conditions fo r  a
prime fa c to r iz a tio n  o f  an element to  be ab so lu te ly  unique (Theorem 3.22,
Theorem 3.24, and Theorem 3 .30). The r e s u l t  was f i r s t  proved by A. J .  
Bowtell and P. M. Cohn [3 ] . We a lso  apply the  above-mentioned conditions 
to  o b ta in  the d if f e r e n t  prime fa c to r iz a tio n s  o f an element f  in  R , 
i f  f  has no ab so lu te ly  unique fa c to r iz a tio n  in to  primes (Theorem 3.36 
and Theorem 3 .37).
In  Chapter 4 we d iscuss the  ab so lu te ly  unique fa c to r iz a tio n  o f 
an element in  R as a  product o f elements o f c e r ta in  ty p es. We say 
f  e R i s  A -p a rtia lly  homogeneous (A-p.horn.) i f f  th e re  e x is ts  a  f i n i t e  
subset A C T  such th a t  f  i s  homogeneous in  ( x ^ |i  e A} . f  e R i s  
c a lled  A-nice i f f  f  has a  prime fa c to r iz a tio n  f  = P ^F ^ '‘ ‘Pn such 
th a t  deg^p^ > 0 fo r  a l l  i  . We show i f  f  i s  A-p.horn, in  R and 
f  = f ^ f  2 * * • f n  Is  th e  fa c to r iz a tio n  o f f  such th a t  each f^  i s  A-nice 
o r o f A-degree = 0 and deg^f^ = 0 im plies deg^fi+1 > 0; deg^f^ > 0
im plies deg^f^+^ = 0 , then th is  fa c to r iz a tio n  o f f  i s  ab so lu te ly
unique (Theorem 4.7) .  We a lso  define  sev e ra l types o f  fa c to r iz a tio n s  o f 
the  elements in  R and prove the  fa c to r iz a tio n s  o f th ese  types are  
ab so lu te ly  unique (Theorem 4.15, Theorem 4.18, and Theorem 4.20) .
In  Chapter 5 we d iscuss the  abso lu tely  unique primary fa c to r iz a -  
t io n  o f  an element in  R . An element f  e R \U ( R )  i s  c a lle d  p-prim ary 
fo r  some prime p i f f  every prime fa c to r  o f  f  i s  s im ila r  to  p , 
where U(R) i s  the group o f u n its  o f  R [1 ] . We c a l l  f  = ^1^2 ’ *’^n 
a  prim ary fa c to r iz a tio n  o f f  i f f  each f^  i s  p^-prim ary fo r  some
1prime p1 and pi  i> p^ whenever 1 ^  j  [1 ] , We know th a t  not every 
element In  R has a  primary fa c to r iz a tio n . I t  i s  known [1] th a t  i f  
f  e R * \U (R ) has two primary fa c to r iz a tio n s  f  = f-jf2*• *^  = ®ig2’ *,gn ’ 
then  m = n and f^  ^ fo r  sane perm utation a o f  { l>2, -**,n} .
In  Section  2 we o b ta in  necessary and s u f f ic ie n t  conditions fo r  a  primary 
fa c to r iz a tio n  o f an element in  R to  be ab so lu te ly  unique (Theoran 5*12 




Throughout, a l l  r in g s  a re  in te g ra l  domains w ith  u n ity , 
denoted by 1 .
D e fin itio n  2 .1 . An in te g ra l  domain i s  c a lle d  a  r ig h t  weak 
Bezout domain i f f  th e  sum and in te rs e c tio n  of any two p r in c ip a l r ig h t  
id e a ls  th a t  have nonzero in te rs e c tio n  a re  again  p r in c ip a l.
A l e f t  weak Bezout dcmain i s  defined  s im ila r ly . However, i t  can 
be shown (Cohn [4]) th a t  the  weak Bezout condition  i s  l e f t - r i g h t  synm etric; 
th a t  i s ,  an in te g ra l  domain i s  a  r ig h t  weak Bezout domain i f f  i t  i s  a 
l e f t  weak Bezout domain. Therefore, we simply c a l l  an in te g ra l  domain 
s a tis fy in g  the  condition  expressed in  th e  d e f in it io n  a  weak Bezout dcmain.
Moreover, we can weaken the  condition  th a t  an in te g ra l  domain 
be a  weak Bezout domain by means of th e  follow ing theorem which enables 
us to  drop th e  condition  th a t  in te rse c tio n s  be p rin c ip a l.
Theorem 2 . 2 . Let R be an in te g ra l  domain in  which any two 
p r in c ip a l r ig h t  id e a ls  w ith  nonzero in te rs e c tio n  have a  p r in c ip a l sum.
Then R i s  a  weak Bezout domain.
P ro o f. See Williams [10].
D efin itio n  2 .3 . Two elements a ,  b o f a  r in g  R a re  sa id  to  
be r ig h t  s im ila r  i f f  R/aR = R/bR , as r ig h t  R-modules.
6From the  d e f in i t io n  i t  i s  c le a r  th a t  r ig h t  s im ila r i ty  i s  a  
re f le x iv e , synm etric and t r a n s i t iv e  r e la t io n .  The no tio n  o f  l e f t  
s im ila r i ty  may be defined  in  an analogous fash ion ; however, in  an 
in te g ra l  dcmain th i s  i s  equivalent to  r ig h t  s im ila r i ty ,  as follows fron  
a  more general r e s u l t  o f F i t t in g  [ 6] ;  th a t  i s ,  in  an in te g ra l  domain 
R/aR = R/bR i f f  R/Ra = R/Rb . Therefore, we can omit the  q u a l i f ie r  
" r ig h t"  and denote th e  s im ila r i ty  o f a  and b by a  b . When R i s
i\j
comnutative, the  cond ition  i s  not so im portant, because R/aR = R/bR
holds i f f  a  and b a re  a sso c ia ted  (b = au fo r  seme u n it  u in  R).
In  a d d itio n , s im ila r i ty  can be ch arac te rized  as follow s (see
£
Jacobson[7], and Cohn [ 4 ] ) .  Let R denote the  semigroup o f the  nonzero 
elements in  R ; th a t  i s ,  R* = R \ { 0 }  .
(2.14) Let a , a '  e R* . a  i s  s im ila r  to  a '  i f f  th e re  e x is ts  b in  
R* such th a t  aR + bR = R and aR A  bR = ba 'R  .
In  the  case aR A  bR = ba*R we have ba ' = a b 1 fo r  some b* in  R, then ,
1
by th e  d e f in i t io n , we have a lso  b 'v  b . I t  follow s from the l a t t e r  
cond ition  (2.4) th a t  elements s im ila r  to  u n its  a re  u n i ts .  I t  i s  easy 
to  see th a t  an element a  o f  an in te g ra l  dcmain R i s  s im ila r  to  any 
o f  i t s  a sso c ia te s  a* (a ' = uav , where u , v a re  u n its  i n  R).
In  a  weak Bezout domain the  follow ing theorem is  a  simple 
c r i te r io n  fo r  s im ila r i ty .
Theorem 2 .5 . In  a  weak Bezout domain R th e  follow ing statem ents
are  equ ivalen t:
(1) a , a '  e R* and a  ^  a 1 .
(2) There e x is t b , b ' in  R* such th a t  ab ! = ba* , where
aR + bR = R and Ra' + Rb* = R .
(3) There e x is t b , b 1 in  R* such th a t  ab* = ba* , where
aRr\ bR = ba*R and R a ' n  Rb’ = Rba’ .
An element in  R* i s  c a lled  a  prime i f f  i t  i s  a  nonunit which
i s  no t a  product o f  two nonunits . Of in te r e s t  a re  those elements in  R
th a t  can be expressed as a  ( f in i te )  product o f prim es. I f  R i s  a
weak Bezout domain, i t  i s  well-known th a t  any prime fa c to r iz a tio n  o f  a 
$
nonunit in  R i s  unique up to  order o f  fa c to rs  (primes) and s im ila r i ty  
as follow s (see Cohn[^]).
Theorem 2 . 6 . Let R be a weak Bezout dcmain. I f  a  nonunit 
a  e R has two prime fa c to r iz a tio n s  a  = P]_P2 ‘ ’ *Pn = ^1^2 *" *^ m * w^ ere  
p^, q^ a re  prim es, then n = m and p^ ^  qa ( j j  fo r  some permuatlon 
a o f  {1 , 2, • • • ,n} .
Remark 2 . 7 . By th e  above theorem we see i f  in  the  prime f a c to r i ­
za tio n  a  = p1p2*• -Pn a  has exactly  k prime fa c to rs  which are  s im ila r  
to  one ano ther, say , to  a  prime p , then any prime fa c to r iz a tio n  o f  a 
has exactly  k prime fa c to rs  s im ila r to  p .
As fo r th e  prime fa c to r iz a tio n s  o f  two s im ila r elements a  and 
a 1 in  a  weak Bezout domain, th e re  a re  u se fu l theorems as follow s (Johnson- 
Beauregard [2] ) .
8Theorem 2 .8 . Let R be a  weak Bezout domain and l e t  a , a ’ e R 
w ith  a  ^  a '  . I f  a  = a^a^ , then  th e re  e x is t  a^ , a^ e R such th a t
* i i * *
al  ^ a l  * a2 ^ a2 * arK^  a  = a l a2 *
Theorem 2 . 9 . Let R be a  weak Bezout domain. I f  a ,  a 1 e R 
such th a t a  ^  a '  and I f  a  = p1p2* • *Pn » a 1 = q.^- • •qm , where p^ , qi  
a re  prim es, then  n = m and p^ ^ %(±)  fo r  some perm utation a o f  
{ l ,2 , ** , ,n} .
C orollary  2 .10. In  a  weak Bezout domain any element s im ila r  to  
a  prime i s  prime.
9CHARIER I I I
ABSOLUTELY UNIQUE PRIME FACTORIZATION IN A POLYNOMIAL DOMAIN
Throughout th i s  th e s i s ,  f ie ld s  a re  not assumed to  be commuta­
t iv e .
1. Basic D efin itio n s  and Concepts
Let F be a  f i e ld ,  r be a w ell-ordered s e t  and l e t  { x^ | i  e r}
be a  s e t  o f  nonconmuting in d e te im in a tes . We then form th e  polynomial
r in g  R = F[x.jJ i  e r ]  In nonconmuting indeterm inates xi  fo r  a l l
i  e r  over a  f ie ld  F . Let M denote th e  free  monoid on {x^| i  e r} .
For s im p lic ity , we sometimes w rite  the polynomial r in g  R as F[M]
in s te ad  o f F[ x . I i  e r]  .
1 k2 kn
Every a e M has a  unique expression as a  product a = x. x, •••x.  ,
1 2 n
where the  k , a re  non-negative in teg e rs  and the i .  e r  . Such a
J
product w il l  be c a lle d  a  p rim itiv e  monomial. By th e  degree o f a we s h a ll 
mean the  in te g e r  k^ + k2 + ••• + kn (which i s  > 0) and denote i t  by
deg ot . I t  i s  known th a t th e  free  monoid M can be ordered ( th a t  i s ,
th e re  e x is ts  a l in e a r  o rdering  < in  M such th a t  i f  a < B , then
ay < By and Y« < Y& fo r  a l l  y e  M) in  such a  way th a t  i f  deg a <
deg B , then  a < B (see Johnson [9] ) .
By a  polynomial f  e R = F[M] we mean a  sum
f  -  ! , V  a« e p  >
oieM
where only a  f i n i t e  number o f  the  a^ a re  nonzero. A polynomial aa ,
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t
where a e F , a e M , w il l  be ca lled  a  monomial (not necessary p r im itiv e ) .
Thus every element f  = £ a  a R = F[M] Is  e i th e r  0 o r  a  sum o f a
aeM a
f i n i t e  number o f  nonzero monomials. I f  f  = £ a  a i s  zero , we define
aeM a
i t s  degree to  be -°°; i f  f  i s  nonzero, we define  i t s  degree to  be the
la rg e s t  degree o f any a fo r  which a& ^ 0 and denote i t  by deg f  .
I f  a l l  the  nonzero monomials in  th i s  sum have th e  same degree, then  f
i s  sa id  to  be homogeneous. S im ila rly , we define  th e  low-degree o f f  (^0)
to  be the le a s t  degree o f any a fo r  which aa ^ 0 and denote i t  by
lodeg f  . C learly , lodeg f  > 0 o r lodeg f  = 0 means f  has a  zero
o r nonzero constant term. Let U(R) denote the  group o f  u n its  o f  R = F[M]
Evidently U(R) = F* = F 'MO} .
For any two elements f  = £ a^a , g = £ b^a in  R = F[M] , we
have in mind that f + g = Y(a +b )a , fg = Y c a , where c = Y a.be  ^  a a ' 1 & a J a g £ eM 3 y
3y=a
We note th a t  deg fg  = deg f  + deg g , lodeg fg  = lodeg f  + lodeg g . 
C learly , i f  f  = gh in  R* \  U(R) , then  f  i s  homogeneous i f f  g and 
h a re  homogeneous. Since F i s  a  f i e ld ,  i t  i s  easy to  show th a t  R = F[M] 
i s  an in te g ra l  domain. Therefore, we c a l l  R = F[M] a  polynomial domain.
2. The Euclidean Algorithm
In  what follow s R denotes the  polynomial domain F[M] =
F L x J i  e r ]  .
I t  i s  well-known th a t  th e  follow ing p ro positions a re  tru e  in  the  
polynomial domain R .
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Theorem 3«1» I f  f , g e R such th a t  fR A  gR ? 0 and
lodeg f  > lodeg g , then  f “ gR = {t e R | f t  e gR} = hR fo r  some h e R
with lodeg h = 0 .
C orollary  3 -2 . I f  f , g e R such th a t  fR A gR 7* 0 and
lodeg f  > lodeg g , then  fR A gR = fhR fo r  some h e R* w ith lodeg h = 0 .
C orollary  3-3- I f  f ,  g e R such th a t  f ,  g a re  homogeneous and
fR A gR ^ 0 , then  e i th e r  fR c. SR o r g R C . f R -
Theorem I f  f , g e R such th a t  Rf A Rg /  0 and lodeg f  >
lodeg g , then  Rgf- ^ = { t e R | t f  e Rg} = Rh fo r  some h  e R* w ith 
lodeg h = 0 .
C orollary  3«5. I f  f , g e R such th a t  Rf A Rg ^ 0 and lodeg f  >
lodeg g , then  Rf A Rg = Rhf fo r  some h e R* w ith  lodeg h = 0 .
C orollary  3 .6 . I f  f ,  g e R such th a t  f , g a re  homogeneous
and Rf A Rg ^  0 , then  e i th e r  Rf C Rg o r Rg C Rf •
Theorem 3«7 (D ivision process in  R). I f  f , g e R such th a t  
fR A  gR 5* 0 and deg f  > deg g , then f  = gq + r  fo r  some q , r  e R
w ith deg r  < deg g . Moreover, q , r  a re  unique.
Theorem 3-8. I f  f , g e R such th a t  Rf A  Rg ? 0 and deg f  >
deg g , then  f  = qg + r  fo r  some q , r  e R w ith deg r  < deg g .
Moreover, q , r  a re  unique.
We sh a ll  now develop the  Euclidean algorithm  in  R , which w ill  
be used to  show th a t  R i s  a weak Bezout domain.
3 .9 Euclidean algorithm  (Cohn [53) . As b e fo re , we assume 
f , g e R such th a t  fR A gR ^ 0 and deg f  > deg g . Since fR A gR ^ 0, 
we have
(1) f g ' = g f ' 7* 0
fo r  some g ' ,  f ' e R . By Theorem 3-7 i t  follow s th a t
(2) f  = gq1 + , deg < deg g
fo r  some q- ,^ r^  e R . S u b s titu tin g  from (2) in to  (1) we o b ta in
r-jg* = (f-gq1)g* = gCf' -q-jg' ) . I f  we put r^  = f ' -  q-jg' , we can w rite
(3) r^ g 1 = g r |  .
We see by (3) and (2) th a t  deg gr^ = deg g + deg r^  = deg r-jg* =
deg r^  + deg g ' < deg g + deg g ' , and hence deg r^  < deg g 1 .
t i t  1 1
T herefore, we have f  = q^g + r^  w ith deg r^  < deg g , which i s  
exac tly  what we obtained in  Theorem 3-8. Thus th e re  i s  a  complete l e f t -  
r ig h t  synmetry. By (3) we f in d  r^  = 0 i f f  r^  = 0 . Otherwise, we 
can apply the  same reasoning to  (3) and thus o b ta in  th e  chain  o f  equations 
o f th e  Euclidean a lgorithm . Moreover, we have two chains o f  equations,
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one fo r  l e f t  and one
(4) f  = gqx + r 1 
g = r ±q2 + r 2
r l  = r 2q3 + r3 
r 2 = r 3q4 + r 4
r ig h t  d iv is io n :
f ' -  + r i
'  » . •g = + r 2
i i »
r l  = q3r 2 + r 3 
r2 = q4r 3 + r 4
^ g '  = ,
r 2r l  "  r l r2 * 
r 3r 2 = r 2r 3 3 
r 4r 3 = r 3r 4 3
We note th a t  th e  remainders r ^ ,  r^  on th e  two s id es  a re  in  general d is ­
t i n c t ,  w hile th e  qu o tien ts  q^ a re  th e  same. The degrees o f th e  remain­
ders decrease s t r i c t l y .
(5) deg g > deg r^  > ••• , deg g* > deg r^  > •••
Hence, the  rem ainders must vanish  ev en tu a lly . Let n be the  le a s t  in te g e r
such th a t  r  ,n = 0 . Since r  , , r '  = r  r * , i t  follow s th a t r '  = 0 . n+1 n+1 n n n+l n+i
I f  we have r ^  = 0 fo r  some k < n , then  by symmetry r ^  = 0 , which 
c o n trad ic ts  th e  choice o f  n . Hence, r^ +^ i s  th e  f i r s t  vanishing 
remainder o f  th e  r ig h t  d iv is io n  and i t  fo llow s:
m  rn-3 “ rn -2 V l + V l  V 3 = V lrn-2 + rA-l rn -lrn-2 ” rn-2rn-l •
rn-2 = V A  + rn rn-2 “ V n -1  + rn V n -l “ V l rn •
rn-l “ rnqn+l rn-l “ V lrn rn+l “ rn+l = 0 ’
By (4) and (5) we see th a t
(6) deg q^' > 0 f o r  i  = 2 , 3, ***,n+l  ,
w hile deg q1 > 0 i f f  deg g < deg f  .
In  view o f (4) we see
*2 = f  -  gqx e fR + gR ,
r 2 = g -  i\jq2 e r^R + gR C fR + gR
r n = r n-2  -  V l %  e r n -2R + r n - lR
and then r^R c  fR + gR • 
A lso, we see
r n - l  = r n V l  e r nR ’
r n-2  "  V A  + r n e r nR ’
r l  = r 2^3 + r 3 e r nR • 
g = r i q2 + r 2 e r nR , 
f  = gqi + r x e r nR ,
and then  fR + gR £  r  R . 
I t  follow s th a t
(7) fR + gR = r nR .
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9
C fR + gR
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S im ila rly , we have
(8 ) R f' + Rg' = Rr^ .
E v iden tly , r n I s  the  g re a te s t common l e f t  d iv iso r  (gc£d) o f f  and
g; r ^  i s  the  g re a te s t common r ig h t  d iv iso r  (gcrd) o f  f ' and g ' .
Now by C oro llary  3*2 and (7) i t  follows th a t
Theorem 3 .10 . R i s  a  weak Bezout domain.
By the  d e f in i t io n  of th e  degree o f  a  polynomial in  R , we see
th a t  every nonzero, nonunit element o f  R has a fa c to r iz a t io n  in to  prim es, 
which s a t i s f i e s  th e  property  described in  Theorem 2 .6 .  I f  every nonzero, 
nonunit element o f  an in te g ra l  domain has th i s  p ro p e rty , P. M. Cohn c a l l s  
the  in te g ra l  domain a unique fa c to r iz a tio n  domain (see  Cohn [*<]).
3. A pplication  o f Euclidean Algorithm to  S im ilar Elements
L e t's  consider nonzero, nonunit elements f  and f '  in  R . I f
f  ^ f 1 , by Theorem 2.5 th e re  e x is t  g , g 1 in  R* such th a t  f g ' = g f 1,
where fR + gR = R , R f' + Rg' = R . Moreover, i f  deg g > deg f  , then
g i s  a  nonzero, nonunit elem ent. By th e  Euclidean algorithm  we ob ta in
g = fq  + r  g ' = q f ' + r '  f r '  = r f '
f o r  some q, r ,  r '  in  R w ith deg r  < deg f  and deg r '  < deg f ' .
We no te  r  ^ 0 . For i f  r  = 0 , then  g = fq  and hence gR c  fR ¥ R >
which co n tra d ic ts  fR + gR = R . S im ila r ly , we a s s e r t  r 1 ^ 0 .
Now consider f r '  = r f ' . S ince fR A rR ?  0 , i t  follow s th a t
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fR + rR = tR  fo r  some t  e R . Thus, f  = t f ^  , r  = t r ^  fo r  some
fl*  r l  e R ’ g = fq  + r  = t ^ q  + t r ^  = t(f^ q + r1) and so
t  i s  the  common l e f t  d iv is o r  o f  f  and g .  By fR + gR = R , where 
f ,  g a re  nonzero, nonunit elem ents, I t  follow s th a t  t  i s  a  u n i t .  We 
conclude fR + rR = R . S im ila rly , we have R f? + Rr* = R . Conversely, 
i f  th e re  e x is t  r ,  r 1 in  R* w ith  deg r  < deg f  and deg r 1 < deg f ' 
such th a t  fr* = rf*  , where fR + rR = R , R f1 + Rr* = R , then  by
Theorem 2.5  f  ~ f ' .
Therefore, we conclude th a t
Theorem 3 .11 . Two nonzero, nonunit elem ents f ,  f* in  R a re  
s im ila r  i f f  th e re  e x is t  g , g ’ in  R* w ith deg g  < deg f  , deg g* <
deg f ' such th a t  fg* = g f ' , where fR + gR = R ,  R f' + Rg1 = R .
C orollary  3 .1 2 . Let both  f  and f 1 be l in e a r  in  R . Then 
f  <\» f ' i f f  th e re  e x is t  u , v in  F* such th a t  fu  = v f * ( f ,  f 1 a re
a sso c ia te d ). Moreover, i f  one o f  th e  indeterm inates in  both f  and f ' 
has c o e ff ic ie n t 1 , then  u = vj th a t  i s ,  in  th is  case  f  i s  s im ila r  to  
f ’ i f f  f  and f 1 a re  conjugate.
P roof. I t  i s  an Immediate consequence o f Theorem 3.11. Moreover,
i f  one o f  the  indeterm inates in  both f  and f ' ,  say x^ , has c o e ff ic ie n t
I
1, then in  fu  = v f  we have x^u = vXj . Therefore u = v and
f  = u f ’u"1 .
C orollary  3 .13 . xi  -  a  i s  s im ila r  to  x^ -  b (a , b e F) i f f  
a ,  b a re  conjugate in  F .
Proof. Obvious.
Using the  hypothesis in  Theorem 3.11 and by the  Euclidean 
algorithm  we see r  , r ^  e F* in  th is  case. I t  follow s from (4) o f
3.9 th a t
deg = ( S e g C r ^ )  = d e g t r ^ )  = deg (s tao e  = r ^ )
"  de^ r n -2r n -l^  (slnoe ' ' n - r t U  ‘  W i - l *  >
SO deg r ^_2 = deg r n_2 ,
   .
and then  deg r^  = deg r^  (since  r ^  = r^ rl,) ,
deg g* = deg g (since  r-jg ' = g r |)  .
Hence, by f g ’ = g f ' we conclude th a t  deg f g ' = deg g f 1 and deg f  =
deg f * . S im ila rly , by th e  same reasoning , we have lodeg f  = lodeg f * .
Let A be a  f i n i t e  subset o f r  and l e t  deg^f be th e  degree
o f f  in  ( x j i  e A} . I f  A i s  a  s in g le to n , say  A = {!} C r , fo r
s im p lic ity , we may w rite  deg^f in s te ad  o f degAf  . By the  same 
reasoning as above, we have deg^f = deg^f' and lodeg^f = lodeg^f’ .
Furthennore, by th e  Euclidean algorithm  we o b ta in
f  = 0^! + r x 
= (r i q2+ r2)ql  + r l  = r l (q2ql +1) + r 2ql
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= ( r 2q3+ r3) ( q ^ + 1 ) + = i ^ C q ^ q - j + q ^ )  + r 3 (q2q1+ l)
= ( r 3qlt+ rlj)(q 3q2q1+q3+q1) + r ^ q ^ + l )
= r 3 (q^q3q2q-L+q^q3+qiiq1+q2q1+ l ) + ^ ( q ^ q - ^ + q . ^
= r n^qrH-lqnqn - l " *‘^ ^ n + l ^ n ' *,<tyqi + * **4^ n-Xqn -2***qi+* > 
f ' = 9lg' + i-i
= (l i ^ 2r l + r2  ^ + r l  = (ql q2+1)r’l  + ql r 2 
= ( q - ^ + l )  (q3r 2+r3) + q . ^  = (q1q2q3+q3+q1 ) r 2 + (q -^ + D r ^
= ( q ^ q ^ + q ^ C q ^ + r J )  + (q1q2+1)r 3
= (q1q 2q 3q4+q3qn+q1qi1+q1q 2+ l ) r 3 + (q 1q 2q 3+q3+q1 )r4
" (W - 'qn W q3q4 " ‘qn + l^ lqr " W ..........................+W qn -l+" -)rn >
where deg q^ > 0 fo r  i  = 1, 2, • • • , n+l  , s in ce  deg g < deg f  and r n , 
r ^  e F* . T herefore, we see from th e  above equations th a t  the  la rg e s t  
p rim itiv e  monctnial in  f  should be in  q ^ ^ n ' ' *q2ql  and the  l a r &e s t  
p rim itiv e  moncmial in  f ' should be in  q -^ *  * " q ^ ^ i  • Let be 
th e  la rg e s t  p rim itiv e  monomial in  q^ fo r  i  = 1 , 2 , •• • ,n+ l , then  the  
la rg e s t  p r im itiv e  monomial in  f  i s  * *ai  the  la rg e s t  prim i­
t iv e  monomial in  f '  i s  a .1 2  n n+1
By what above-mentioned we conclude the  follow ing theorems.
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Theorem 3 .14 . I f  two nonzero, nonunit elements f ,  f 1 In  R
are  s im ila r , then
(1 ) deg f  = deg f ' and lodeg f  = lodeg f 1 .
(2) I f  f  i s  homogeneous w ith  degree n , so Is  f* .
(3) deg^f = deg^f’ and lodeg^f = lodeg^f* fo r  every A c  r .
i »
In  p a r t ic u la r ,  deg^f = deg^f and lodeg^f = lodeg^f fo r  
every 1 e r  .
(4) I f  A c  r  and f  i s  hcmogeneous in  A w ith degree m , so
i s  f '  . '
Remarks 3 .15 . (I )  By Theorem 3.14 (3) i f  f  ^ f ' and x^ i s
an indeterm inate  in  f  , then  i s  a lso  an indeterm inate in  f '  .
( I I )  axi  + b i s  never s im ila r  to  a 'x^  + b* i f
i  /  j  ,  where a , a '  e F*; b , b ' e P ,
Iheorem 3 .16 . I f  two nonzero, nonunit elements f ,  f* in  R
are  s im ila r , then  th e  la rg e s t  p rim itiv e  monomials in  f  and f ' can
be expressed in  th e  forms ” “n anan l* * ’al  r e s Pec^ lvely»
where e M .
Remark 3 .1 7 . I f  f  ^  f '  and the  la rg e s t  monomial o f f  has the
indeterm inates {x^J i  e A} , then so does the  la rg e s t  monomial o f  f '  .
4. A bsolutely Unique Prime F ac to riza tio n
In  th e  S ec tion  2 o f th i s  chapter we have shown th a t  R = F[M] 
i s  a  noncomnutative unique fa c to r iz a tio n  domain in  the  sense th a t  every
nonzero, nonunit element f  o f  R has a  fa c to r iz a tio n  in to  prim es, 
and such th a t  any two prime fa c to r iz a tio n s  o f  f  have th e  same number 
o f  primes and these  primes can be p a ired  o f f  in to  s im ila r  ones. For 
example, f  = + x ^ x ^  in  Q[x^,x2] , where Q i s  th e  se t o f  ra t io n a l
nunbers, has two prime fa c to r iz a tio n s  f  = x^(l+x2x^) = (1+XjX2 )x^ ,
where x.^  v x1 and 1 + x ^  'v 1 + x-jX2 .
Here we a re  going to  d iscuss a s tro n g er prime fa c to r iz a tio n  in  
R . Whenever f  e R i s  rep resen ted  as a  product f  = P;]P2 "* P n 
prim es, then f  can a lso  be represen ted  as a product
(1 ) f  = (p1u1) ( u ' V ^ )  • • • (v xpn )
in to  primes fo r  any u n its  ^ , 1^ ,  •• • o f R .
D efin itio n  3 .18 . We c a l l  a  fa c to r iz a tio n  f  = p^p2 *• -pn o f f  
as a  product o f  primes abso lu tely  unique i f  every o th e r re p re se n ta tio n  of 
f  as a  product o f  primes has the form (1) above fo r  some choice o f  the  
u n its  u1 ,u2 , - - - , u h_1 .
We say f  = P]P2 * "P n 311(1 f  111 th e  forTn above th e  
same fa c to r iz a tio n  in to  prim es. For example, g = Xj(x2+x^) in  
QCx^jX^x^] has ab so lu te ly  unique fa c to r iz a tio n  in to  prim es, w hile 
f  = x-^(l+x2x- )^ = (l+x1x2)x1 does n o t. We say th a t  f  has two prime 
fa c to r iz a t io n s .
Theorem 3-19. I f  f  has fa c to r iz a tio n  f  = P]P2 "* P n 
prim es such th a t  = P-j_Pi+1 has ab so lu te ly  unique fa c to r iz a tio n  fo r  
i  = 1 , 2 ,• • • ,n - l  , then  f  has abso lu tely  unique fa c to r iz a tio n  in to  prim es.
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P roof. We carry  out m athem atical induction  on n . By hypothesis 
the  theorem Is  tru e  when n = 2 .
By mathematical Induction , we assume th e  theorem Is  tru e  when
n = k  . Let f  = P1P2’ ' ,pkpk+l = gl g2‘ ' ' ^ k + l  r e Pre se n t two Prline 
fa c to r iz a tio n s  o f f  . Assume th a t  P-j_Pi+1 has ab so lu te ly  unique f a c to r i ­
za tion  fo r  each 1 . Note th a t  p^R A g-jR 7s 0 , where p^, g^ a re  prim e.
> *(A) I f  p-jR = gjR , then  g1 = PjU^ fo r  some u n it o f R .
By f  = PxPs’ -'PRPk+l = g i g 2 , , ‘gkgk+l = P lul g2 ’ , , g k+1 lfc f0ll0W S th a t
P2 ’ *'Pk+l = ul g2***gk+l * B^  Induction  hypothesis the  prime fa c to r iz a tio n  
P2***Pk+l  i s  ab so lu te ly  unique. Thus u^ 2 = p2u 2 ( i . e . ,  g2 = u“1p2u2) ,
g3 = u2lp 3u3» Sk+1 = ^ P k + i  fo r some u2,u 35“  "jUk o f R *
Therefore th e  prime fa c to r iz a tio n  f  = P-jP2’ ’ ”Pk+l abso lu te ly  unique.
(B) I f  pjR ^ g^R , th en , since  R i s  a  weak Bezout domain and 
P p  g^ a re  prim e, we have
P-jR + g-jR = R , p-jR A g-jR = hR
fo r  sane h e R , where h = p-^g| = g-^p| fo r  sane g | ,  p j  in  R . By
the  D e fin itio n  2.H o f  s im ila r i ty  we conclude th a t  p^ v p^ and ^ gl  * 
and by C orollary  2.10 p^ and g^ a re  prime. Since f  = P}P2, , , Pk+i = 
gl g2 * ‘ ’Sk+1 e P1R A gxR = hR , i t  follows th a t  P;lp2« • -pk+1 = g ^ -  • -gk+1 = 
pl gl r  fo r  some r  e R ’ Thus p2*’ *pk+l = gl r  ’ By the  induction  
hypothesis th e  prime fa c to r iz a t io n  P2 ‘ ’ ’Pk+l i s  ab so lu te ly  unique. Thus
gl  = P2U2 fo r  SQme u n lt u2 oP R » hence P1P2U2 = Pj_g^ _ = g^P^ • 
Since the  prime fa c to r iz a tio n  P-jP2 i s  ab so lu te ly  unique, i t  follow s
th a t  g^ = p ^  fo r  some u n it u^ o f R . Hence, p^R = g.jR , which
co n trad ic ts  the  assumption p-jR /  g^R .
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Therefore, only (A) w il l  hold and so th e  prime fa c to r iz a tio n  
f  = p1p2< • 'P ^ i  i s  ab so lu te ly  unique. The theorem I s  proved.
By Theorem 3.14 in  Section  3 o f th is  chap ter we a re  ab le  to  
fig u re  out some s u f f ic ie n t  conditions fo r  a  prime fa c to r iz a tio n  o f  an 
element in  R to  be ab so lu te ly  unique, which a re  p ra c t ic a l  in  sane sense.
Theorem 3 .20 . I f  f  = f^ fg ’ *'^ n i s a  Peirce fa c to r iz a tio n  o f f
in  R such th a t  fo r  each i  = 1 ,2 , * ,n - l  th e re  e x is t  sane in  f^  ,
but x. not in  f . a n d  some x. in  f . , ,  but x. not in  f .  , 
l+ l  i 2 i+ i  ±2
then the  prime fa c to r iz a tio n  f  = f-jf^*• *fn i s  ab so lu te ly  unique.
P roo f. In  view of Theorem 3.19, i t  w il l  s u f f ic e  to  prove th a t
the  theorem i s  tru e  when n = 2 . Let f  = f ^ f 2 = g^g2 rep re sen t two
prime fa c to r iz a tio n s  o f  f  in  R . We know by hypothesis and (1) o f
Remarks 3.15 th a t  f^  i s  no t s im ila r  to  f 2 . Since each g^ i s  s im ila r
to  some f j  , I t  follow s th a t  g^ i s  n o t s im ila r  to  g2 .
Assume f^  i s  s im ila r  to  g2 . I t  follow s th a t  f 2 i s  s im ila r
to  g1 and so f^  i s  not s im ila r  to  g ^  f 2 i s  no t s im ila r  to  g2 .
Since by hypothesis x , i s  in  f ,  , b u t i t  i s  not in  f p and then  by
X1
(1) o f  Remarks 3.15, i t  follows th a t  x, i s  i n  g„ (s in ce  we assume
i l
f l  ^  g2 *^ bu t X1 l s  not ^  gl  ^fo r  X1 l s  111 gl  * then  X1 i s
in  f 2 which i s  s im ila r  to  g^). A lso, since  x^ i s  in  fg  , bu t i t
i s  no t in  f ,  and again  by (1) o f  Remarks 3 .15, i t  follow s th a t  x, i s  in  
x ' 2
g1 (s ince  f  ^  g1) ,  but x^ I s  not in  g2 (fo r  i f  x.^  i s  in  g2 ,
then  x^ i s  in  f^  which i s  s im ila r  to  g2) .  Hence, the  terms in
f nf„  invo lv ing  x, , x1 should have x, preceding xn , w hile the  
x c, x*^  £ i  2
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terms in  g1g2 involving xn , have 
11 2 X12
preceding  x^ . Now le t
1
be the  la rg e s t  term in f l > which has the indeterm inate x, and 1
be th e  la rg e s t  term in f 2 » which has the indeterm inate
X
x, ; l e t
Yp be th e  la rg e s t  term in gl  » which has the indeterm inate
£
xn andXp
6^ be th e  la rg e s t  term in S2 » which has the indeterm inate
c.
x, . Thus 
1
i s  a  term  of f ^ f2 , which is  involving xn , x and 
T . 2
X
i s  a
term of g,g~ , which I s  Involving x , x.. . I t  i s  im possible, since
X 2
f  = f^ f2 = s i s 2 * conclude th a t l s  °nly  s im ila r  to  g^ .
Note th a t  f^R r \  g^R 7s 0 , where f p  g^ a re  prime.
fo r  sane u n it  o f R . 
By f - ^  = g1g2 = f 1ui g2 i t  follows th a t  f 2 = u1g2 and g2 = u“1f 2 . 
Therefore, th e  prime fa c to r iz a tio n  f  = f ^ f 2 i s  ab so lu te ly  unique.
(B) I f  f^R 7! g^R , th en , since  R i s  a  weak Bezout domain and 
f p  g-^  a re  prim e, we have
f 1R + gl R = R » f l R ^  gl R ~ hR
fo r some h e  R , where h = f^g^ = g^f^ fo r  some g | ,  f |  e R . By the 
d e f in it io n  o f s im ila r i ty  we conclude th a t  f^  ^ f^  and g-^  ^  g |  , and
i t
then by C orollary  2.10 f^  and g^ a re  prime. Now f  = f ^ f 2 = 
gl g2 e f l R A gl R = ^  » we obta in  gxg2 = g-jf-jr fo r  seme r  e R . Thus 
g2 = f^ r  . Because g2 and f^  a re  prime, so r  must be a  u n it o f  R 
We now conclude th a t  g2 ^ f^  a, f^  , which c o n tra d ic ts  th a t  f^  i s  only 
s im ila r  to  g1 .
Therefore only (A) i s  tru e  and so the  theorem i s  proved.
(A) I f  f,R  = g,R , then  g, = f ,u .
Example 3 .21 . f  = ( x . j + 1 ) ( x ^ + l ^  e QCxpX^x^] , where Q is
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th e  s e t  o f  ra t io n a l  numbers, has ab so lu te ly  unique prime fa c to r iz a tio n  b y ’ 
Theorem 3.20.
We s h a ll  now d iscuss necessary and s u f f ic ie n t  conditions fo r  a  
prime fa c to r iz a tio n  o f  an element f  in  R to  be ab so lu te ly  unique.
This r e s u l t  was f i r s t  proved by A. J .  Bowtell and P. M. Cohn [3 ] .
Theorem 3 .22 . Let f  = f - ^ *  ' '  *f n be a  Prlme fa c to r iz a tio n  o f
f  in  R . I f  fo r  each i  = 1 ,2 , • •* ,n - l  th e re  e x is t  no p. , p. in  R
1 2
such th a t  p^ f^  + fj_+3_Pj_ = 1 , then  th e  prime fa c to r iz a tio n  f  = f-jf^* ' *fn 
i s  ab so lu te ly  unique.
P roof. By Theorem 3.19 i t  w i l l  su ff ic e  to  prove th a t  the  theorem 
i s  tru e  when' n  = 2 . Let f  = f  .jf2 be a prime fa c to r iz a tio n  o f f  
s a tis fy in g  the hypothesis (th e re  e x is t  no P p P 2 in  R such th a t
pl f l  + f 2p2 = ^  *
Assume f  = f ^ f 2 = g-jg2 re Pre se n ts  two P1*^6 fa c to r iz a tio n s  o f
f  . Note th a t  ^ R  A g-jR t  0 , where f p  g.  ^ a re  prim e. I f  f^R /  g^R ,
th en , s in ce  R i s  a  weak Bezout domain, i t  follows th a t
f  1R + gl R = R » f  i R ^  = ^
fo r  some h e R , where h = f^g^ = g-jf^ fo r  some nonzero, nonunit
elements g j ,  in  R , since  f^R + g^R = R . Now f  = f 1f 2 = g-jg2 e
f  jR A  g-j_R = hR , we o b ta in  f  = f ^  = g1g2 = h t  = f-|_g|t = g-jf-Jt fo r  
some t  e R . Thus f 2 = g^t , g2 = f .j t  . Since f 2 and g2 a re  prime 
and g p  f^  a re  nonunit elem ents, t  must be a  u n it o f R , and so
f^  = g2t ”1 . Since f^R + g.|R = R , i t  follows th a t
= 1 fo r  seme h p  h2 e R
and h =  = g ^  . We see
f l hl f l  + s l h2f l  = f l  
and 0 j- g - ^ f i  = f^ ( l-h ^ f^ )  e f^R A g^R = hR . Thus
®lh2f l  = = h*! = f 2.^lr l  fo r  some r i  e R •
Therefore 1 -  h ^  = g ^  , and hence h ^  + g | r 1 = 1 . Thus
h^f^ + f 2t _1r 1 = 1 (s in ce  g^ = f 2t _1) .
I f  we put p1 = h p  p2 = t “ ^r^ , then  we have p^f^ + f 2p2 = 1 ,
which co n trad ic ts  the  hypothesis. We conclude th a t  f^R = g-jR . Thus
g1 = f^u1 fo r  some u n it u^ o f R and so g2 = u~1f 2 .
Therefore, the  prime fa c to r iz a tio n  f  = f ^ f 2 i s  ab so lu te ly  unique
and th e  theorem i s  proved.
Remark 3.23. In  view o f th e  p roof o f Theorem 3 .22 , we see th a t  
i f  f  = f ^ f 2 = g-|g2 rep re sen ts  two prime fa c to r iz a tio n s  o f  f  , then 
f^  'v g2 and f 2 ^ g i  . By Theorem 3.14, we o b ta in  deg f^  = deg g2 
and deg f 2 = deg g1 .
Theorem 3.24 (th e  converse o f Theorem 3 .2 2 ). I f  th e  prime fa c to r i ­
z a tio n  f  = f i f 2” , f n o f f  111 R i s  a b so lu te ly uniQue> then th e re  
e x is t  no p^ , pi  in  R such th a t  P i ^ i  + f i+ lpi 2 “ 1 fo r  each
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P roo f. L e t 's  begin  w ith  n = 2 and l e t  the  prime fa c to r iz a tio n
f  = f ^  be ab so lu te ly  unique. We a re  going to  show th a t  th e re  e x is t  no
P p  p2 i n  R such th a t  p-jf^ + fgP2 = 1 .
Assume th a t  th e re  e x is t  P p  p2 i n  R such th a t
p l f l  + f 2p2 = 1 *
Then i t  follows th a t
(1) P if i f 2 + f 2P2f 2 = f 2 * 0 ^  Pl f l f 2 = f 2^1“p2f 2 ') *
T herefore , we have
PXR + fgR = R , pxR A fgR ? 0 .
Since R i s  a  weak Bezout domain, i t  follow s th a t
p^R A  fgR = hR fo r  some h e R ,
where h = p-jf^ = f ^  fo r  some fg , p |  e R . We note th a t  P j ^  P^ >
f 2 f 2 and f 2 i s  a  prim e. We observe from (1) th a t  0 /  p ^ f ^ ^  =
f 2( l - p 2f 2) e p^R A fgR = hR . I t  follows th a t
( 2) P if i f 2 = f 2^1_P2f 2  ^ = = f 2Pl r  fo r  SOme r  e R »
( 3) f-jf^ = f^ r  and 1 -  p2f 2 = p j r  .
(*»)Claim. f ^ r  i s  another prime fa c to r iz a tio n  o f f  , which i s  
d if f e r e n t  from th e  prime fa c to r iz a tio n  f^ fg  . Otherwise, we o b ta in  
from ( 3)
(lj) fg  = f ^  , r  = u ^ f g  fo r  some u n it ^  o f  R .
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By (3) and (4) we see
1 = P2^2 ^ l1* *
= p2f 2 + p1u1 f 2 ,
= (p ^ p ju " 1) ^  .
This shows th a t f 2 I s  a  u n it  o f  R ,  which I s  a  co n trad ic tio n . But 
by the  hypothesis, the  prime fa c to r iz a tio n  f  = f-jf2 i s  ab so lu te ly  unique. 
I t  comes a  co n trad ic tio n , since f^ r  i s  another prime fa c to r iz a tio n  o f  f  .
Therefore, i f  a  prime fa c to r iz a tio n  f  = f ^ f 2 i s  ab so lu te ly  unique, 
then  th e re  e x is t  no p ^ ,p 2 in  R such th a t  p-jf^ + f 2p2 = 1 .
Now l e t  n > 2 and the  prime fa c to r iz a t io n  f  = f ^ f 2*• *f be 
ab so lu te ly  unique. Suppose th e re  e x is t  sane p . , p. in  R such th a t
H  2
Pi  + f j ^ P ^  = 1 fo r  sane i  e {1, 2, • • •  ,n -l}  ,
th en , by the p roof above fo r  n = 2 , the  prime fa c to r iz a tio n  fj_f j_+]_ i s
no t abso lu te ly  unique. This im plies th a t  th e  prime fa c to r iz a tio n  f  =
f^***f^f^+^***fn  i s  n o t abso lu tely  unique, which co n trad ic ts  the
hypo thesis . T herefore, i f  the  prime fa c to r iz a t io n  f  = f  ^ f  2 * * * f n l s
ab so lu te ly  unique, then th e re  e x is t  no p. , p . in  R such th a t
X1 2
Pi  ^  + f i+ 1P;j_ = 1 fo r  each i  = 1 ,2 ,• • •  , n - l  . The theorem i s  proved.
C orollary 3 .25. Let f  = f - ^ *  • *fn be a  prime fa c to r iz a tio n  o f 
f  in  R and l e t  be the  la rg e s t  p r im itiv e  monomial in  f^  fo r  each 
i  = 1 ,2 , • • • ,n  . I f  fo r  each p a ir  o f o^, aj»  aj +^ can n° t  be
expressed as th e  forms re sp e c tiv e ly , v/here u^, 6j ,  e M
(in c lu d in g  1) and deg Uj > 0 , then  the  prime fa c to r iz a tio n  f  = f- jf2* • *fn
i s  ab so lu te ly  unique.
P roof. Consider the  case n = 2 . Let f  = .f^fg be a  prime 
fa c to r iz a tio n  s a tis fy in g  th e  hypothesis.
Suppose the  prime fa c to r iz a tio n  f  = f ^ f 2 i s  no t ab so lu te ly
ft
unique. By Theorem 3.22 th e re  e x is t  P p  p^ in  R such th a t
pl f l  + f 2p2 = 1 *
I f  deg p1 > deg f 2 , then , applying th e  d iv is io n  process in  R to  
0 i1 p1f 1f 2 = f 2 ( l - p 2f 2) » we ob ta in
P1 = f 2q + r l  fo r  sane q* r l  e R *
where deg r ^  < deg f 2 and r^  ? 0 . For i f  r^  = 0 , i t  follows th a t
P1 = f 2q anc* 1 = pl* l  + f 2p2 = *2^q fl +p2  ^ * which shows f 2 i s  a  u n i t ,
a  co n trad ic tio n . Thus,
r l f l  = pl f l  "  f 2q fl  »
r l f l  + f 2p2 = p l f l  + f 2p2 "  f 2q fl  »
r 1f 1 + = 1 -  f 2q fx (s in ce  p ^  + f 2p2 = 1)
and hence r i ^ i+^2 p^2+qfl^ = ^ '
T herefore, deg r ^  = deg f 2(p2+qf-L) and deg r 1 < deg f 2 , so th a t
degCp^qf^) < deg f^  . Let Bp 5^ be the la rg e s t  p rim itiv e  monomials
£
i n  r p  p2 + q f^  re sp ec tiv e ly  ( in  th e  case r ^  e F , i t s  la rg e s t  
p rim itiv e  monomial i s  1 ). Thus we have
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w ith  deg ^  < deg «2 , deg 6^ < deg . I t  follows th a t
a2 = ^ l1^  fo r  some ui  e M deS ui  > 0 »
= v1<S1 fo r  seme eM w ith  deg v.  ^ > 0
and then 3- jV ^  = , which im plies v^ = . Hence = u . ^  ,
°2 = ^ lul  deg ui  > 0 • I t  i s  a  co n trad ic tio n  to  the  hypothesis.
Therefore, f  = f ^  i s  ab so lu te ly  unique and then  by Theorem 
3.19 th e  co ro lla ry  i s  proved.
C orollary 3 .26 . Let f  = f - ^ '  • *fn be a  prime fa c to r iz a tio n  
o f  f  in  R . I f  fo r  each i  = 1 , 2, • • • , n - l  f^  and f +^1 generate  a
proper id e a l in  R , then  the  prime fa c to r iz a tio n  f  = f 2 * ’ * f n
ab so lu te ly  unique. Moreover, th e  prime fa c to r iz a tio n  f  = ’ , f 2f l
i s  a lso  abso lu tely  unique.
P roof. Since f^  and f i+^ generate  a  proper id e a l in  R ,
we see th a t  RfjR + Rfi+1R < R fo r  i  = 1 ,2 , • • • ,n - l  . This shows th a t
th e re  e x is t  no p^ , p^ in  R such th a t p^ f^  + = 1 fo r
i  = 1 ,2 , • • • ,n - l  . By Theorem 3.22 the  prime fa c to r iz a tio n  f  = f-jf2 *‘ ’f n
i s  ab so lu te ly  unique. S im ila rly , by the  same reasoning we have th a t  the  
prime fa c to r iz a tio n  f  = f nf n_ i ‘ ’ **V l i s  ab so lu te ly unique.
Remarks 3 .27 . (1) The converse o f C orollary  3-26 i s  not t ru e . 
For in s tan ce , l e t  f  = x (x.jX2+ l) be a  prime fa c to r iz a tio n  o f f  in
R = Q[XpX2] . By C orollary  3.25 the  prime fa c to r iz a tio n  f  = x^(x.jX2+l)
i s  ab so lu te ly  unique. But x^ and x^x2 + 1 generate  R ,
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since  x1 (-x 2) + ( x ^ + l )  = 1 .
(2) I f  the  prime fa c to r iz a tio n  f  = f ^ f2 l s  ab so lu te ly  
unique, th e  prime fa c to r iz a tio n  f  = f ^  i s  not necessary ab so lu te ly  
unique. For example, the prime fa c to r iz a tio n  f  = x^x^Xg+l) In  
Q[XpX2] as mentioned above i s  ab so lu te ly  unique, but f  = (x^x2+l)x^ = 
x1 (x2x1+l) i s  no t ab so lu te ly  unique.
C orollary 3 .28 . I f  f  = f ^ 2 " * ^ n  a  P1*^ 1116 f a c to r iz a tio n  o f 
f  in  R such th a t  fo r  each i  = 1 ,2 , • • • ,n  f^  has zero constan t te rn , 
then  the  prime fa c to r iz a tio n  f  = f  ^ f  2• • * f n i s abso lu te ly  unique.
P roof. Consider f^  and f 1+1 fo r  i  = 1 ,2 , • • • ,n  . Since both  
f^  and f 1+1 have zero constan t term , so e i th e r  pi  f^  + f 1+1Pj_ = 0 
o r pi  f^  + e R \ F  fo r  any p^ , p^ e R . This shows th a t
th e re  e x is t  no pi  , pi  in  R such th a t  p^ f^  + f ^ P - ^  = 1 f° r  
i  = 1 ,2 , • • • ,n - l . . By Theorem 3.22 the  prime fa c to r iz a tio n  f  = f ^ f 2 • • • f n 
i s  ab so lu te ly  unique.
C orollary  3 .29 . I f  the  polynomial f  in  R i s  homogeneous, then  
i t s  prime fa c to r iz a tio n  i s  ab so lu te ly  unique.
P roo f. I t  i s  easy to  show th a t  i f  f  i s  homogeneous, then  each 
prime fa c to r  o f  f  i s  a lso  homogeneous. Thus each prime fa c to r  o f f  
has zero constan t term , and then  by C orollary  3.28 the  prime fa c to r iz a tio n  
o f  f  i s  ab so lu te ly  unique.
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In  view o f th e  p roof In  Theorem 3.24, we observe th a t  i f  
f  = f ^ 2  I s  a  prime fa c to r iz a tio n  such th a t  p^f-^ + f 2p2 = 1 fo r  some 
elements P p  p2 in  R , then  p ^  A f ^  = hR fo r  some h  e R , where
(1) h = P lf ’ = fg p j
f t » »
fo r  some elements f 2, p1 e R w ith P j  ^ » f 2 ^  f  2 •
A lso, we have
p ^ i f 2 = f 2( l - p 2f 2) = p^jf^r = f 2p | r  fo r  some r  e R ,
1 “ 2 ~ ^1**
» t
and f^ f ,, = f ^  , where f ^  i s  a  prime fa c to r iz a tio n  o f f  , which i s  
d if f e r e n t  from the  prime fa c to r iz a tio n  f ^ f 2 under th e  d e f in i t io n  o f 
ab so lu te ly  unique prime fa c to r iz a tio n  ( see Claim (**) in  th e  p roof of 
Theorem 3 .24).
We note th a t  in  the  cond ition  P-jf^ + f 2p2 = 1 when p^ i s
f ix e d , p2 i s  uniquely determ ined. Also, p^ determ ines f 2 , which
i s  unique up to  m ultip ly ing  scxne u n it element on the  r ig h t  o f  f!, (since
p^R A f ^  = p-jf^R) , and then r  i s  determ ined. T herefore we conclude
»
p^ uniquely determ ines a prime fa c to r iz a t io n  f ^ r  o f  f  , which i s  
d if f e r e n t  from the  prime fa c to r iz a t io n  f ^ f 2 o f  f  .
I f  deg p^ > deg f 2 , by th e  same reasoning  we d id  in  th e  p roof
o f C orollary  3 .25, we o b ta in
(2) p-^  = f 2q + r ^  fo r  some q , r ^  e R
and r ^ f 1 + f 2(p2+qf^) = 1 , where 0 < deg r ^  < deg f 2 and
0 < deg(p2+qf^) < deg f-  ^ . We r e c a l l  th a t  p-  ^ uniquely determ ines a
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prime fa c to r iz a tio n  o f  f  , which i s  d if f e re n t  from the  prime fa c to r iz a t io n  
f .jf2 , so does ^  .
Claim, p^ and r ^  determ ine the  same prime fa c to r iz a tio n  o f  f  .
Consider the  case r^ f^  + fgCpg+qf^) = 1 • This shows th a t
r ^  + f ^  = R , r.jR A fgR 0 .
Since R i s  a  weak Bezout domain, i t  follow s th a t
(3) r^R A fgR = h 'R  fo r  some h ' e R ,
i  i t  i t  t t  i t  i t  "
where h = r ^ f 2 = f ^  fo r  some f 2, r^  e R and f 2 ^  f 2 , r ^  ^  r^  .
We observe th a t  0 ? r ^ f ^ f 2 = f 2[ l  -  (p2+ q f^ )f2] e r^R A f ^  . Thus,
r l f l f 2 = f 2^1 ~ ^ 2+qfl^ f 2  ^ = r l f 2r ' = ^ 1r ' 
fo r  some r* e R and then
f l f 2 = f 2r * * 1 “  ^ 2+qfl f^ 2 = r l r  ’
By th e  same reasoning as b e fo re , r ^  uniquely determ ines th e  prime
fa c to r iz a t io n  f^ r  o f  f  , which i s  d if f e re n t  from  f ^ f 2 .
We s h a l l  show th a t  f 2r  and f^r* a re  th e  same prime f a c to r i ­
za tio n  o f  f  under the  d e f in i t io n  o f ab so lu te ly  umique prime fa c to r iz a ­
t io n .  S u b s titu tin g  from (2) in to  (1) we o b ta in
( f 2q+ r^ )f2 — ^2^1 
and so r-jfV, = f 2 (p |- q f2) e r^R A f 2R . By (3) we.- conclude th a t
i  t t
r 1f 2 = fQ r sane  t  e
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and then  f  2 = f  !Jt •
Since both  and a re  prim e, t  must be a  u n it  o f  R .
By f  = f ^ r  = f '^ r ' and = f'^t , we o b ta in  r  = t -1 r  * . I t  says 
th a t  f^ r  and f^ r  * a re  the  same prime fa c to r iz a t io n  o f f  .
Therefore we conclude
Theorem 3 .30 . I f  f  = f - ^  i s  a  prime fa c to r iz a t io n  o f f  in
R such th a t  p-jf^ + f 2P2 = 1 for* some p^, p2 i n  R , then p1 uniquely
determ ines a  prime fa c to r iz a tio n  f ^ r  o f  f  , which i s  d if f e re n t  from
f.jf2 . I f  deg p1 > deg f 2 , then we have p1 = f^q  + r ^  fo r some 
*q , r x in  R , deg r 1 < deg f 2 , r ^  + fgCpg+q^) = 1 and
uniquely determ ines th e  same prime fa c to r iz a tio n  o f  f  as p^ does.
Theorem 3*30 t e l l s  us th a t  fo r  the  prime fa c to r iz a t io n  f  =
*1*2 w ith  th e  cond ition  + f 2p2 = 1 we need only consider p^,
£
P2 e R such th a t  deg p1 < deg f 2 , deg p2 < deg f^  . p^ might not 
be the  only one s a tis fy in g  the  condition  P-jf^ + f 2P2 = 1 • We s h a ll  now 
d iscuss the  prime fa c to r iz a tio n s  o f f  = f-jfV, , which a re  determined by 
d if f e r e n t  p-^  .
R ecall th a t  p^R A  fgR = hR fo r  some h e R , where h = p-jf^ =
f 2p^ and P^ ^ Pj_ > f 2 ^ f 2* P1 unil ue ly determ ines th e  prime fa c to r iz a ­
tio n  f ^ r  o f  f  , which i s  d if f e re n t  from f^fg  . I f  th e re  e x is t  q^,
q2 e R* , q1 /  p-j^  , q2 /  P2 w ith  deg q1 < deg f 2 , deg q2 < deg ,
s a tis fy in g  q ^  + f 2q2 = 1 > then by the  same reason ing  as befo re  we 
have
q.jR + fgR = R , q-jR A f ^  = h"R
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fo r  some h" e R , where h" = = f 2q^ and q1 ^  q" , f 2 ^  f 2 •
Then q1 uniquely determines the  prime fa c to r iz a tio n  f ^ r ' o f  f  fo r
seme r* e R .
t *i *Claim, f ^ r  and f ^ r  a re  two d if fe re n t prime fa c to r iz a tio n s  
o f  f  , which a re  d if fe re n t  from f ^ f 2 .
Assume th a t  f^ r  and f '^ r ' rep resen t the  same prime fa c to r iz a ­
t io n  o f f  , then  f '2 = f^u  fo r  some u n it u . By q ^  + f 2q2 = 1
we have 0 f  f ^ q - ^  = q^Cl-f^q^) e q^R n  f j^R . Thus
"
f 2q2q i  = q1 ( l - f 1q1 ) = q - j f ^ l  fo r  sane fcl  e R *
I t  follow s th a t 1 -  f-jq-^ = f^ t^
91 9and hence f-jt^ + f^q^ = 1 . Since we suppose f 2 = f 2u fo r  some u n it 
u ,  we have
( 1) *2u t l  + f l ql  = 1 *
Also, by p-jf^ + f 2p2 = 1 we have 0 ? f 2p2pl  = pl ^ 1“f l pl^ e P1R ^  *2^ * 1111113
f ^ ^ l  = P]_^“P2.Pi) = PxP2t 2 fo r  30016 ^2 e R *
9
I t  follow s th a t 1 -  f-jp^ = f g t2 and hence
(2) T £ 2 + f l pl  = 1 *
9 f
By Remark 3.23 we see deg f 2 = deg f 2 . I t  follows th a t  deg p^ < deg f 2
and deg q1 < deg f 2 . I t  i s  well-known th a t
( 3) fo r  the  cond ition  f^R + f.jR=R(f2, f^  a re  nonzero, nonunit elem ents)
th e re  i s  only one p^ e R w ith deg p.  ^ < deg f 2 s a tis fy in g
f 2t 2 + f-jP^ = 1 fo r  some t 2 e R .
Thus by (1 ), (2) and th e  hypothesis p^ /  q^ , vs- have a  co n trad ic tio n .
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Consequently, f^ r  and f^r* rep resen t two d if f e r e n t  prime fa c to r iz a tio n s  
o f  f  , which a re  d if f e r e n t  from the  prime fa c to r iz a tio n  f ^ f 2 .
Therefore we conclude
Theorem 3 .31 . I f  f  = f-jf,, i s  a  prime fa c to r iz a tio n  o f f  in
R such th a t p-jf-^ + f 2p2 = 1 w ith  deg p-  ^ < deg f 2 , deg p2 < deg f 1 ,
then  each p^ determ ines a  d if f e r e n t  prime fa c to r iz a tio n  o f f  , which 
i s  d if f e r e n t  from th e  prime fa c to r iz a tio n  f ^ f 2 .
In  view o f th e  p roof in  Theorem 3.22, we observe th a t  i f  f  =
f l f 2 = gl s 2 r e Pre sen ts  tw0 prime fa c to r iz a tio n s  o f f  i n  R , then  we
have
f 1R + S1R = R *
$
^1^1 + gl h2 = ^ ^o r some ^i» ^2 e R , 
f^R Ag-jR = hR fo r  some h e R ,
where h = f-jg^ = g-jf^ , ^  ~ f^  , g1 g |  and a lso
p-jf-^ + *^2^2 = ^ *
where p^ = h^ . We see th a t  once h.  ^ in  f ^  + g^h2 = 1 (from 
^1R+S1R = R  ^ i s  deterndned» P i i s  determ ined, since  P i  ~ hi  > a rd  
hence the  cond ition  p ^  + fgP2 = 1 i s  determ ined. I t  i s  well-known
th a t  we can always fin d  a  unique h^ e R* w ith  deg h^ < deg g^ such
th a t  f^h^ + g-|h2 = 1 (see (3) in  th e  p roo f of Theorem 3 .3 1 ). By 
Remark 3.23 we have deg g^ = deg f 2 and so deg p-^  = deg h^ < deg f 2 .
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Therefore we conclude
Theorem 3.32. Let f  = f ^ f 2 be a  prime fa c to r iz a t io n  o f f  , 
which has ano ther prime fa c to r iz a tio n  g jg2 , th en  th e re  e x is ts  a  unique 
in  R* w ith  deg < deg g^ such th a t  f-jh^ + g ^  = 1 and h^
uniquely determ ines the  cond ition  p^f^ + fgPg = 1 w ith  deg p^ < deg f 2
(au tom atically  deg p2 < deg f.^) , where = h^ .
C orollary  3 .33 . I f  f  has a  fa c to r iz a t io n  f  = f ^ *  • »fn in to
primes such th a t  the  f^  a re  l in e a r  fo r  a l l  i  . The prime fa c to r iz a tio n
i s  ab so lu te ly  unique i f f  th e re  e x is t  no u. , u in  F such th a t
X1 2
u^ f^  + f i+ 1u1 = 1 fo r  each i  = 1 ,2 , •• • ,n - l  . I n  p a r t ic u la r ,  i f
1 2  g
n  = 2 and th e re  e x is t  u^, u2 in  F such th a t  u-^f^ + f 2u2 = 1 , then
f  = f ^ f 2 has ano ther prime fa c to r iz a tio n  ( - f^ + lJ f^ u T j1 .
P roof. I t  i s  an inm ediate consequence o f Theorem 3.32, Theorem 
3.24 and Theorem 3.19. Moreover, i f  n = 2 , then  by u^f^ + f 2u2 = 1 
i t  follow s th a t
f l f 2u2 = ^1_ fl ’V f l  *
f l f 2 = ^1_ fl ul^ f l u2
I f  we apply what we d id  in  the  p roof o f Theorem 3-22 to  th e  condition  
u^f^  + f 2u2 = 1 . E v iden tly , we have
OjR + f  ^  = R
and u.jR A f ^  = R A f ^  = f 2R = u ^ ( u ^ f 2)R = f 2 • 1R . Using the
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no ta tio n s  in  the  p roof o f Theorem 3.22, i t  shows th a t
f 2 = U1 f 2 * P1 = 1
and so 1 -  p2f 2 = 1 -  u2f 2 = p | r  = 1 • r  = r  .
Therefore f ^  = (u” ^ )  ( l - u 2f 2) i s  ano ther prime fa c to r iz a tio n  
o f  f  = f ^ f 2 . We s h a l l  show th a t  ( - f ^ + D ^ u ^1 and u“ 1f 2( l - u 2f 2)
a re  the  same prime fa c to r iz a tio n  o f f  . For by u^f^ + f 2u2 = 1 i t
follows th a t
^2u2 = ” ui ^ l  * ■ *
ul l f 2u2ul  = 1 “ f i ui  •
We ob ta in  u^1f 2 = (1-f-jU^)(u^ ) -1  , s ince  U p u2 a re  u n it  elem ents. 
Thus (l-Ugfg) = ( u ^ J f ^ ’ 1 . Hence the  co ro lla ry  i s  proved.
Remark 3 .3 1*. By C orollary  3.33 i t  i s  not d i f f i c u l t  to  determine 
i f  a  prime fa c to r iz a tio n  f  = f-jf2*' *fn w ith  th e  f^  being l in e a r  i s  
ab so lu te ly  unique o r n o t. For example, i f  f  = f  f 2 i s  a  prime fa c to r i ­
za tio n  o f  f  such th a t  the  f^  a re  l in e a r  and f p  f 2 do not have the  
same indeterm inates, then th e  prime fa c to r iz a tio n  f  = f-jf2 i s  
ab so lu te ly  unique. For in s ta n ce , f  = (x^+x,,) (x^+1) e Q[XpX2] has 
abso lu te ly  unique prime fa c to r iz a tio n .
Theorem 3.32 t e l l s  us th a t  another prime fa c to r iz a tio n  g^g2 o f
f  = f ^ f 2 uniquely determ ines the  condition  p1f 1 + f 2p2 = 1 w ith
deg p^ < deg f 2 , deg p2 < deg f^  . We remember th a t th e re  e x is ts  a
*unique h^(= p^) in  R w ith  deg h^ < deg g^ such th a t
(1) f ^  + gxh2 = 1 .
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I f  f  = f ^ 2  = &1&2 has another prime fa c to r iz a tio n  t . j t 2 , then  by 
Theorem 3.32 th e re  e x is ts  a  unique h^ in  R* vdth  deg h |  < deg t^  
such th a t
(2) f-jh-^ + t^hl, = 1 fo r  some h2 e R
and h^ uniquely determ ines th e  condition
» i ' ip-jf^ + f ^  = 1 fo r  some p2 e R ,
» i 'where deg p1 < deg f 2 and p.  ^ = ^  .
Claim, h^ ? h^ .
Suppose h^ = h^ . By (1) and (2) i t  follow s th a t
gl h2 = h h2 *
By the  prime fa c to r iz a tio n s  f  = g^ 2 = t^ tg  , i t  i s  easy to  show th a t
g-jR A t-jR = g1g2R = t 1t 2R .
Now g-^2 = ^1^2 e gi R A t^R , i t  follow s th a t  g ^  = t ^ 2 = g-jg2c fo r  
some c e R . Thus
^2 = 62° *
E viden tly , deg h2 > deg g2 = deg f^  (see Remark 3 .2 3 ). By (1) we 
o b ta in  deg h-^  > deg g^ , which c o n tra d ic ts  th a t  deg h^ < deg g1 .
Consequently, we conclude h-^  ^  h^ , th a t i s ,  P^ ^  Pq • We 
have proved
Theorem 3 .35 . Let f  = f ^  be a  prime fa c to r iz a t io n  o f  f
39
which i s  not abso lu te ly  unique. Then each prime fa c to r iz a tio n  g^g2 o f 
f  , which i s  d if f e re n t  from f j f 2 , determ ines a  d if f e r e n t  p.  ^ such th a t 
P jf^  + f 2P2 = 1 w ith deg p1 < deg f 2 .
We remember th a t  i f  f  = f ^ f 2 i s  a  prime fa c to r iz a tio n  o f f
£
and th e re  e x is ts  p1 in  R w ith  deg p^ < deg f 2 such th a t
(1) p-jf^ + f 2p2 = 1 fo r  some p2 e R ,
then  p^ uniquely determ ines ano ther prime fa c to r iz a tio n  f 2r  o f f  ,
t t
where p.jR a  f ^  = p -^ f^  = f 2pl R * Conversely> we a re  going to  show th a t
f
th e  prime fa c to r iz a tio n  f^ r  uniquely determ ines th e  condition  p ^  +
= 1 • By (1) we o b ta in  0 i- f ^ ^ l  = pl^ 1-:f,l pl^ e P1R ^  *2** * Thus
P1( l - f 1P1) = p-jf^t fo r  some t  e R ,
1 -  f lP l  = f ’t
i
and hence f^p^ + f 2t  = 1 .
We note th a t deg p1 < deg f 2 = deg f 2 (see Remark 3 .23 ). Hence
by Theorem 3.32 the  prime fa c to r iz a t io n  f^ r  o f f  uniquely determ ines
th e  condition  p ^  + fgp2 = 1 .
Now by Theorem 3 .30 , Theorem 3.31, Theorem 3.32, Theorem 3.35 
and what we have d iscussed  above, we have the  follow ing theorems.
Theorem 3 .36 . I f  f  = f- |f2 i s  a  prime fa c to r iz a t io n  o f f  in  
R , then th e re  i s  a  b i je c t io n  between th e  s e t  {p.  ^ e R |p1f^  + f 2P2 = 1
fo r  some p2 e R w ith deg p^ < deg f 2> and the  s e t  (g^R|g^ i s  prim e,
61R ^ f l R * f  = s l g2 fo r  some s 2 e R) * where P i corresponds to  g-jR
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such th a t  determ ines th e  prime fa c to r iz a tio n  f  = g^ggj th a t  l s ,
Card {p1 e R lp ^  + f 2p2 = 1 for some p2 e R with deg p1 < deg f 2> = 
Card {g-jRfgj Is prime, g^ R ? f-jR , f  = g.jg2 for some g2 e R} .
Theorem 3 .37 . I f  f  = f-jf2 l s  a  prime fa c to r iz a tio n  o f  f  and 
P = {p^ e R l p ^  + f 2p2 = 1 fo r  some p2 e R w ith  deg p1 < deg f 2> 
such th a t  Card P = n , then  f  has n + 1 d if f e r e n t  prime fa c to r iz a tio n s  
(inc lud ing  f-jf2) • In  p a r t ic u la r ,  i f  Car’d P = 0 , th a t  i s ,  P = s& , 
then  th e  prime fa c to r iz a t io n  f  = f^ f,, i s  ab so lu te ly  unique.
Example 3 .3 8 . Consider f  = + x1 = x ^ C x ^ + l)  e Q[x^,x2] ,
where f^  = x^ , f 2 = x2x^ + 1 . For th e  cond ition  p^f^ + fgp2 = 1 w ith
deg p1 < deg f 2 we o b ta in
Pj_ = — X2 > P2 ~~ ^
and th a t  i s  a l l  we have fo r  p^ s a tis fy in g  p-jf^ + f 2P2 = 1 . Thus
Card P = 1 . By Theorem 3-37 we conclude th a t  f  has two d if fe re n t  prime
fa c to r iz a t io n s .
Applying what we have done in  th e  p roof o f Theorem 3.24 to  the  
example, we have p^R f \  = (-x2)R A (x2x^+l)R = (-x 2)(x^x2+l)R =
(x2X j+ l)(-x 2)R , where f 2 = x^x2 + 1 , p^ = -  x2 . Since 1 -  p2f 2 =
p^r , we have 1 -  1 • ( x ^ + l )  = -  XgT and so r = x^ . T herefore,
f^ r  = (x^x2+l)x^ i s  the  o th e r prime fa c to r iz a tio n  o f  f  .
Example 3 .3 9 . Let F be the  f i e ld  o f  r e a l  quatern ions.
Consider f  = x^ + 1 = (x.j+i) (x-j-i) e R = F[M] . For the  condition  
pl ( xl +i )  + x^i _ i ^P2 = 1 w lth  deg Pj_ < deg(x^-i) = 1 fo r  seme p2 e R ,
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I t  I s  easy to  o b ta in
p-j_ = -  - |i  + c j + dk ,
P2 = -  ( -  |l+ cj+ dk) ,
where c , d a re  any r e a l  numbers. Therefore Card P = ~ . By Theoran
23.37 we conclude th a t  x1 + 1 has in f in i te ly  many d if f e r e n t  prime 
fa c to r iz a t io n s .
In  f a c t ,  we a lso  note th a t
x^ + 1 = (x-j+iKx-j-i) ,
= (X j+ jK x ^ j)  ,
= (x^+kKx^-k) ,
= [x^ + (^ I+ ^+ ^k JD C x ^^  -  C&ji+.Ljj+.^k)] ,
2 2 2where the  a re  r e a l  numbers such th a t  + £3 = 1 (we know
th a t 2 = -  U±+l2+^3) = - 1) •
In  view o f Theorem 3.32 and Theorem 3.19, we a re  now ab le  to  
r e s ta te  Theoran 3.22 as follow s
Theorem 3 .40 . Let f  = f - ^ *  * *fn be a  prim e fa c to r iz a t io n  o f
f  in  R . I f  fo r  each 1 = l ,2 ,* * * ,n - l  th e re  e x is t  no p. , p . In
11 2
R w ith  deg p1 < deg f i+1  , deg p1 < deg f^  such th a t  p^ A  + f i+ lA ,  =
then  th e  prime fa c to r iz a tio n  f  = f ]_f 2* " f n  abso^u te ly unique.
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Theoran 3 .4 1 . Let f  = f-jl^  be a  prime fa c to r iz a tio n  o f f  
in  R = F[M] . I f  F has c h a ra c te r is t ic  0 , then  e i th e r
( 1) f  = f ^ 2  has ab so lu te ly  unique prime fa c to r iz a tio n ,
o r ( 2) f  = f 1f 2 has two prime fa c to r iz a tio n s  (includ ing
o r  (3) f  = f-jf2 has in f in i te ly  many prime fa c to r iz a tio n s .
P roo f. I t  w ill  su ff ic e  to  prove th a t  i f  f  = f-jf*2 has more than 
two prime fa c to r iz a tio n s , then f  = f ^ f 2 has in f in i te ly  many prime 
fa c to r iz a t io n s .
By hypothesis F has c h a ra c te r is t ic  0 , then  F con tains as 
a  su b fie ld  an isomorphic image o f th e  r a t io n a l  numbers. Since i t  i s  the  
sm allest su b fie ld  o f F con tain ing  1 , and has no automorphism except 
th e  id e n t i ty ,  we id e n tify  i t  w ith  Q , th e  s e t  o f r a t io n a l  numbers. 
E viden tly , Q i s  contained in  the  cen te r o f F .
I f  f  = f-jf2 has more than two prime fa c to r iz a tio n s , then by 
Theorem 3.37 Card P > 2 . Therefore th e re  e x is t  p ^ ,  p ^ ,  p£2  ^ and 
P2^  in  R* , where p ^  i- pjj2  ^ , such th a t
pl ^ f l  + f 2p2 ^  = 1 w ith  deg pl ^  < deg f 2 *
pi ^ f l  + f 2p22  ^ = l  w ith  deg p ^  < deg f 2 .
Now s e t  p jn  ^ = ^  p ^  + p£2  ^ , where n = 3 ,4 , ,,#  ; i  = 1,2 .
C learly , we have
pl ^ f l  + f 2p2n  ^ = 1 w lth deg pl ^  < deg f 2
fo r  n = 1 ,2 ,3 ,4 , • • * . I t  i s  easy to  show th a t  p ^  f  p ^  whenever
n j- m . For i f  p£n  ^ = p |m  ^, then  we have ~  p £ ^  + n ~ 1 p j2  ^ =
— p $ ^  + -■ p f f i  . I t  follow s th a t  p $ ^  = Pt2  ^ j which i s  a
m  ^ 1  • m  *\L ^ 1  ^ 1  *
co n trad ic tio n . Thus Card P = ® . By Theorem 3.37 f  = f-jf^ ^  
In f in i te ly  many prime fa c to r iz a tio n s . Hence, the  theorem i s  proved.
Theorem 3 .42 . Let f  = f .jf2 be a  prime fa c to r iz a tio n  o f  f  
in  R such th a t  f^  i s  not s im ila r  to  f 2 , then  e i th e r
(1) f  = f ^ 2 has abso lu te ly  unique prime fa c to r iz a tio n ,
o r (2) f  = f ^ f 2 has two prime fa c to r iz a tio n s  (inc lud ing  f-j_f2)
P roof. I t  w il l  su ff ic e  to  show th a t  i f  f  = f-jft, i s  not 
ab so lu te ly  unique, then f  = f ^ f 2 cannot have more th an  two prime 
f a c to r iz a t io n s .
Let f  = f . j f2 = g^g2 = h jh2 be th ree  prime fa c to r iz a tio n s  o f
Consider f ^ f 2 = g1g2 . By Remark 3.23 we conclude th a t
CD f l  ^ g 2 » f 2 *  g l  '
S im ila rly , considering f . j f 2 = h jh 2 , we conclude th a t
( 2) f l  ^ h 2 » f 2 *  hl  *
By the  same reasoning , considering  g^g2 = h jh2 , we conclude th a t
(3) gi  * h2 , g2 ^  h!  •
By (1 ), (2 ) , and (3) i t  follow s th a t
f x * h2 * g;L * f  2 ,
which c o n trad ic ts  th e  hypothesis th a t  f ^  i s  no t s im ila r  to  f 2 .
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Therefore we conclude th a t  i f  th e  prime fa c to r iz a tio n  f  = f^ fg  i s  not 
ab so lu te ly  unique, then f  has only two prime fa c to r iz a t io n s , and the 
theorem i s  proved.
Theorem 3 .43 . Let f  = f ^ - ^  be a  Pr;ijne fa c to r iz a tio n  o f  f  
in  R . I f  f^ fg  has another prime fa c to r iz a tio n  g^g2 and f 2f^  has 
another prime fa c to r iz a tio n  h ^ ;  th a t  i s ,  f  = f ^ f ^ s  = g1g2f 3 = f ]_h2h3 
rep resen ts  th ree  prime fa c to r iz a tio n s  o f  f  , then  g2f^ i s  abso lu tely  
unique i f f  f^h2 i s  ab so lu te ly  unique.
P roof. Consider the  prime fa c to r iz a tio n s  f ^ f 2 = g-j_g2 . Let
®1®2 be ^berm ined 
£
P2 e R w ith  deg p^ < deg f 2 . By the  p roof in  Theorem 3.2*1 we see
i i
fo r  some
t i
f 2 ,  P1 e R . Moreover, we have
(1) 1 -  p2f 2 = p ^ r fo r  some r  e R ,
f-jf2 -  f 2? >
where f ^ r  and g1g2 a re  th e  same prime fa c to r iz a t io n , s in ce  we assumed 
th a t  g - ^  i s  determ ined by p^ . S im ila r ly , consider th e  prime f a c to r i ­
za tio n s  f 2f^  = h ^  . Let hgh^ be determined by the  cond ition  
tg f 2 + f^ t^  = 1 fo r  some t 2, t^  e R* w ith  deg t 2 < deg f^  . By the
t * Iproof in  Theorem 3.24 we see t ^  A f^R = h R fa?  seme h e R , where 
h ' = t 2f^  = f ^ t 2 fo r  some f^ ,  t 2 e R . Moreover, we have .
1 -  b^f^ = t 2r '  fo r  sane r '  e R , 
f 2f 3 = f 3r  *
p,R  r\ f J i  = hR fo r  some h e R , where h = p-jf2 = f 2
by th e  condition  p-jf, + f 2p2 = 1 fo r  some P p
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• i
where f^ r  and h ^  are  th e  same prime fa c to r iz a t io n , s in ce  we 
assumed th a t  h , ^  i s  determined by t 2 . For convenience sake, we
* f t
w rite  f  = £ 1*2*3 ” *'2r^3 = in s tead  o f  th a t  in  th e  hypothesis.
Remember th a t  f 1f 2 = f ^ r  , f ^  = f^r* . Now we s h a l l  show th a t  r f ^
i s  ab so lu te ly  unique i f f  f^ f^  i s  ab so lu te ly  unique.
I f  r f ^  i s  not ab so lu te ly  unique, th en  th e re  e x is t  k2, k^ in
*
R such th a t
k ^  + f^k^ = 1 w ith  deg k2 < deg f^  .
Thus f 2k2r  + f 2f 3k3 = f 2 * f 2k2rp 2 + ^ * ^ 2  = f 2P2 ^since f 2f 3 = f 3r '^ 5
( 2) + p-jf^ + f^ r 'k^P g  = 1 (s ince  p ^  + f 2P2 = 1) •
By P - ^  + f ^ 2 = 1 we o b ta in  0 /  f 2P2P i = P1( l - f 1P]_) e P]_R ^  *‘2R • Thus
f 2p2pl  = f 2pl w fo r some w e R * 
and so p ^  = p.jw . By (1) we have
p^rpg = p2 ( l —f 2p2) ,
"  p ^ A  •
* p i«£' i  .
and so
( 3) r p 2 = wfx .
S u b s titu tin g  (3) in to  (2) we conclude fgkgWf^ + p-jf^ + f ^ r ' k ^  = 1 , 
and so (fgkgW+p^Jf^ + f ^ C r 'k ^ )  = 1 . By Theoran 3.24 f^ f^  i s  not 
ab so lu te ly  unique.
Conversely, i f  f ^  i s  not ab so lu te ly  unique, then  th e re  e x is t
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*
S p  s 2 In  R such th a t
s ^  + f^Sg = 1 w ith  deg s.^ < deg f^  .
Thus s-Lf 1f 2 + ~ f 2 *
t 2s l f 2r  + t 2f 3s2f 2 = t 2f 2 ^slnce f i f 2 = *2^  »
t 2Sl f 2r  + t 2f 3s 2f>2 + f 3fc3 = ^ ^s j^rice ^2^2 + ^3t 3 = ^  »
and hence ( t 2s .jf2) r  + f ^ C t^ s ^ + t^ )  = 1 (since  t 2fg = f ^ t 2) . By 
Theorem 3.24 r f ^  i s  not ab so lu te ly  unique.
t
Therefore, we conclude th a t  r f ^  i s  ab so lu te ly  unique i f f  f^ f^  
i s  ab so lu te ly  unique. The theorem i s  proved.
C orollary  3 .44 . Let f  = f ^ ^  = rep re sen t two prime
fa c to r iz a tio n s  o f f  in  R . I f  the  prime fa c to r iz a t io n  f^ f2 i s  
ab so lu te ly  unique and f^R /  g^R , f^R A g^R = hR fo r  scane h e R , 
where h = f^g£ = g^f^ fo r  some g | ,  f |  e R , then  g2 = f^u , g^ = u-1 r  
fo r  sane u n it u and r  in  R .
P roo f. By the  hypothesis we have f  = f ^ 2 f 3 = gl g 2g3 = ^ lgl r  =
.  i
g^f^r fo r  some r  e R . We note th a t f j f ^  and f-jg^r rep re sen t two 
prime fa c to r iz a tio n s . For o therw ise, we have r  = vf^ f a r  some u n it  v
in  R and so ^ 2 * 3  = gl f l r  = s l f l r f 3 * Ifc shows th a t  f i f 2 = gl f l v
re p re sen ts  two prime fa c to r iz a t io n s , which co n trad ic ts  th e  hypothesis
• •
th a t  f^ f ,, i s  ab so lu te ly  unique. Now f  = fjg-jT = f ]_f 2f 3 = gl f l r
re p re sen ts  th ree  prime fa c to r iz a tio n s  o f f  . By Theorem 3.43 f^ fg  i s
f  . . .
ab so lu te ly  unique i f f  f ^ r  i s  ab so lu te ly  unique. Then by the  hypothesis,
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we conclude th a t f j r  I s  abso lu tely  unique. S ince = S i* ir  »
t » _ i
hence g2g^ = *xr  and §2 = ^ l8 > 63 = u r  fo r  some u n it u o f  R . 
The co ro lla ry  I s  proved.
Examples 3 .45 . (1) Consider f  = (x.jX2+ l)x ^ (x 2x^+l) In
Q[x1 ,x 2] . We see th a t  f  = ( x ^ + D x ^ x ^ + l )  = x ^ x ^ + l K x ^ + l )  = 
(x^x2+ l)(x^x2+ l)x^  rep resen ts  th ree  prime fa c to r iz a tio n s  o f f  , where 
both (XgXj+l)(x2x^+l) and (x^x2+ l) ( x - ^ + l )  a re  ab so lu te ly  unique.
(2) Consider g = (x ^ + I . ) x 1 (x . ^ - ! ) in  P[M] ,
where P i s  th e  f ie ld  o f r e a l  quatern ions. We see  th a t  g = ( x ^ + D x ^  
(X2xl “i )  = xi^ x2xi + i  ^(x2xi - i )  = (xi x2+i )  ( x ^ - D x ^  , where both 
(x2xl +i ) ( x2xl - i )  and (x1x2+i ) ( xxx2- i )  tave in f in i te ly  many prime
fa c to r iz a t io n s .
Lemma 3 .4 6 . Let f  = f-jf 2 ' * ’ f n be the  prim e fa c to r iz a tio n  o f 
f  in  R such th a t  f^  i> f j  (not s im ila r) whenever i  /  j  . I f  
f  = S2&2 ' * >gn i s  any Pr;iine fa c to r iz a tio n  o f  f ,  then  g.  ^ * f^  fo r  a l l  
i  i f f  Sx^2*” ^n 811(1 81,8 the  same P1*^6 f a c to r iz a tio n  o f f
P roof. I t  i s  obvious th a t  i f  ^  and fxf 2 * " f n a re
the  same prime fa c to r iz a tio n  o f f  , then g^ v f^  fo r  a l l  i  .
Conversely, i f  g^ ^ f^  fo r  a l l  i  , then  g1 i> f j  fo r
j  e {2 ,3 ,** , ,n} , since  f^  /  f^ . We see th a t  f^ R fi g^R f1 0 .
I f  f-jR /  g-jR , then  f.jR + g-^ R = R and f^R n g^R  = bR fo r  some h e R
where h = f^g-j = g ^  fo r  sane g j ,  f j  e R and f ^  f-j , g-^  ^ g |  .
Since f  = f ^  2 ’ ’ * f n = g1g2‘ • e f-j_R H g ^  , i t  follow s th a t  f]_f2 ’ “  f n
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f-j&Jr fo r  some r  e R and so
f 2f 3 ’ " f n = gl r  '
I t  im plies th a t  g-^  f j  f o r  some j  e {2,3, * • * ,n} and hence ^  f^ 
fo r  some j  e { 2 ,3 ,*, , ,n} , which i s  a c o n tra d ic tio n . Therefore, i t  must
= f-jU.  ^ fo r  some u n it  o f R and
so f 2f 3 ‘ ‘ • fn = • By the  same reasoning and continuing the
process we have g2 = u“1f 2u2 , g^ = u ^ f^ u ^ , • • •, gn = fo r  some
u n its  u2, • • • , un_ i o f R . This proves th a t  g - ^ ’ • ^  and f - ^ *  • *fn 
a re  the  same prime fa c to r iz a t io n  of f  . The lemma i s  proved.
Remark 3 .47 . In  view o f Lenina 3 .46, we note th a t  using  the  
hypothesis in  th a t  lemma, th e  prime fa c to r iz a tio n  f  = f-^f2* • *f i s
ab so lu te ly  unique i f f  any prime fa c to r iz a tio n  f  = g - ^ ’ ' <gn of> ^
im plies gi  ^  f^  fo r  a l l  i  .
Theorem 3 .48 . I f  f  'v- f 1 an d 'th e  prime fa c to r iz a tio n  f  = f ] f 2 ’ ' ‘f n
i s  ab so lu te ly  unique, where f^  f j  whenever i  /  j  , then f 1 has
ab so lu te ly  unique prime fa c to r iz a tio n . However, i f  th e  prime fa c to r iz a tio n  
o f  f  i s  no t ab so lu te ly  unique, then  f  and f ' have the  same number 
o f prime fa c to r iz a t io n s .
P roof. By Theorem 2.8 f ' has a  prime fa c to r iz a tio n  f* = f  .jf 2* • • f^  ,
where f^  ^ ^  fo r  a l l  i  . Since ^  i> f j  whenever i  /  j  , f^  /  f j
whenever i  /  j  . Assume th a t  f 1 = f-Jf^* • ’f^  i s  no t ab so lu te ly  unique and
f 1 = g-Jg^*• *g^ i s  another prime fa c to r iz a tio n  o f f ' . By Lenina 3.46
be f-,R = g^R . I t  shows th a t  g^
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t f
th e re  e x is ts  sane j  e such th a t  g j f^ . Since
» i ? i n
f  = g ^ '  • ‘g^ ^ f  , again  by Theorem 2.8 f  has a  prime fa c to r iz a tio n  
f  = g - jg ^ * * ^  , where g± ^ g^ fo r  a l l  i  . S ince f j  j. gj , i t
follow s th a t  g j i> f j  and so g^ i> f^ . Thus f  = ^ ^ 2 ' '  **n ~
®1®2” ’®n re Presenfcs two Prime fa c to r iz a tio n s  o f  f ,  which co n tra d ic ts
t
th e  hypothesis. Therefore f  has ab so lu te ly  unique prime fa c to r iz a tio n
However, suppose th a t  f  = f-jf 2*” f fi i s  abso lu te ly  unique.
Let f  = f ^ f 2*• *fn  correspond to  f* = f^ f2 *• "fn  ,  where f^  ^ f |  fo r
a l l  i  . By Leirma 3.46 th e  mapping i s  w ell d e fin ed . I f  f  = 6382’ 
i s  another prime fa c to r iz a t io n  o f  f  , then f  corresponds to  f 1 = 
g-Jg2 ‘ • *g^ , which i s  d if f e r e n t  from the  prime fa c to r iz a t io n  f ^ f  2 ' ‘ ' f^  
by Lernna 3.46. T herefore , th e re  e x is ts  an in je c t io n  from the s e t  o f 
d if f e r e n t  prime fa c to r iz a tio n s  o f f  in to  th e  s e t  o f  d if f e re n t  prime 
fa c to r iz a tio n s  o f  f ' . By the  same reasoning , we have an in je c tio n  from 
th e  s e t  o f  d if f e re n t  prime fa c to r iz a tio n s  o f  f ' in to  th e  s e t  o f  d i f f e r ­
e n t prime fa c to r iz a tio n s  o f  f  . Therefore, f  and f ' have th e  same 
number o f prime fa c to r iz a tio n s .
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CHAPTER IV
ABSOLUTELY UNIQUE FACTORIZATION OF CERTAIN TYPES IN A POLYNOMIAL DCMAIN
As u su a l, R denotes the  polynomial domain R = F[M] .
D efin itio n  4 .1 . f  e R Is  c a lle d  A -p a rtia lly  homogeneous (A-p.hom.) 
i f f  th e re  e x is ts  a  f i n i t e  subset A C T  such th a t  f  i s  homogeneous in  
{ x j i  e A} .
We c a l l  the  degree o f  f  In  ( x ^ |i  e A} A-degree and denote i t  
by deg^f .
We observe th a t  i f  g and h a re  A-p.hom. , then f  = gh i s  
A-p.hom.. Conversely, i f  f  = gh and f  i s  A-p.hom. , by comparing 
the  product o f  the  la rg e s t  p rim itiv e  monomial o f g in  {x^Ji e A} and 
th a t  o f h w ith  the  product o f the  le a s t  p rim itiv e  monanial o f g in
{xi | i  e A} and th a t  o f  h , we see g and h a re  A-p.hom.. Therefore,
we conclude th a t  i f  f  = gh in  R , then f  i s  A-p.hom. i f f  g and h
a re  A-p.hom..
D efin itio n  *t.2. f  e R i s  c a lle d  A-nice i f f  i t  has a  prime 
fa c to r iz a tio n  f  = p1p2*• ’Pn such th a t  deg^p^ > 0 fo r  a l l  i  .
We see th a t  i f  f  i s  A-p.han. , then  f  has a  fa c to r iz a tio n  
f  = f^jf£ ' • ' f n t where each f^  i s  A-nice o r o f  d e g ^  = 0 and deg^f^ = 0 
im plies deg^f^+^ > 0; deg^f^ > 0 im plies deg^f^+-^  = 0 . We no te  th a t  
i f  f^  i s  A -nice, then  i t  i s  a lso  A-p.hom. , s in ce  f  i s  A-p.hom. .
For example, f  = (x^X g^C x^+D x.^ e QCx-^^jX^] i s  A-p.hom. in  {XpXg}
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w ith  deg^f = 3 , where f-L = (x.j+x2)x2( A-nice and A-p.hcm.) ,
f 2 = X3 + 1 (degAf 2 = 0) , f^  = x ^A -n ice  and A-p.hom.) .
Lenma 4 .3 . I f  f  I s  A-p.hom. and f  = gh I s  a  prime f a c to r i ­
za tio n  o f f  such th a t  h i s  A-p.hom. w ith  deg^h > 0 and deg^g = 0 , 
then  f  = gh i s  ab so lu te ly  unique.
P roo f. Let f  = gh = h 'g ' be two prime fa c to r iz a tio n s  o f f  .
t | f f
By Remark 3.23, g 'v g  , h v h and deg g = deg g , deg h = deg h .
(1) Suppose deg g > deg h . Let a be the  la rg e s t  p rim itiv es
monomiax in  g . a^, a^i and a re  defined  s im ila r ly . By gh = h 'g
i t  n ece ssa rily  has
V h = V  v  •
Since deg g > deg h = deg h ' , i t  follow s th a t  a = a, t • 0 fo r  some6 n
p rim itiv e  monomial 3 . By Theorem 3.14 deg^a^i = deg^a^ > 0 , which 
im plies th a t  deg^a^ = deg^Ca^,*3) > 0 and deg^g > 0 . I t  co n trad ic ts
the  hypothesis. Hence f  = gh i s  ab so lu te ly  unique in  th is  case.
(2) Suppose deg g < deg h . Since deg g < deg h = deg h ' , by 
the  Euclidean algorithm  we ob ta in
h ' = gPi + r x , h = P lg ' + r ^  , r ±g ' = gr^
w ith  deg p1 > 0 , deg r ^  < deg g , deg r^  < deg g ' and r ^ ,  r |  e R* .
For i f  r^  = 0 , then  h ' = gp^ . Since both  h ' and g a re  prime,
p^ must be a  u n i t ,  and tnen  deg h = deg h ' = deg g , wnich co n tra d ic ts
the  assumption. S im ila rly , r ^  5* 0 .
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Claim, p^ i s  A-p.hcm..
Let Px = + • • • + a101 + aQ0o , where a^ e F* ,
f  , |
0j  e M and 0k > 0 ^  > ••• > 0Q . Since h ^  h ,  by Theorem 3.14 h
i s  A-p.hcm.. By h ' = gp^ + r ^  and deg^g = 0 , we note th a t  deg^h* =
degA3k . Let 0^ be th e  la rg e s t p rim itiv e  monomial in  p.  ^ such th a t
d e g ^ i  ? deg^h' , then  ctg01 i s  a  p rim itiv e  monomial in  h ' . Thus 
degA«g0^ = deg^01 j- deg^h* , which co n trad ic ts  th a t  h* i s  A-p.hom.. 
Therefore p-  ^ i s  A-p.hcm. w ith deg^p^ = deg^h* .
We see th a t  r^  = h* -  gp1 i s  a lso  A-p.hom. w ith  deg^r^ = 
deg^h' > 0 . Since deg r^  < deg g = deg g* , applying th e  same reasoning 
in  (1 ) to  r^g* = gr^  we have a  c o n trad ic tio n .
Therefore, f  = gh i s  ab so lu te ly  unique.
Lemma 4 .4 . I f  f  i s  A-p.hom. and f  = hg i s  a  prime f a c to r i ­
z a tio n  o f f  such th a t  h i s  A-p.hom. w ith  deg^h > 0 and deg^g = 0 ,
then  f  = hg i s  ab so lu te ly  unique.
P ro o f. S im ilar to  th e  p roo f o f Lemma 4 .3 .
Lemma 4 .5 . Let f  be A-p.hom.. I f  f  has a  l e f t  prime fa c to r
w ith  A-degree > 0 (A-degree = 0) , then f  does no t have any l e f t  prime 
fa c to r  w ith A-degree = 0 (A-degree > 0) .
P roo f. Let f  = c f^  = dg1 be two fa c to r iz a tio n s  o f f  such th a t
c , d a re  prime and deg^c > 0 , deg^d = 0 . Note th a t  c i s  A-p.hcm..
S ince cR A dR f  0 and cR ^  dR , dR ^  cR , we have cR + dR = R ,
cR f\ dR = hR fo r  some h  e R , where h = cd 1 = d c1 fo r  some d ' ,  c ' e R .
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t
We see th a t  c *v* c f , d ^  d 1 , and c ' ,  d ' a re  prim e. Thus deg^d = 
deg^d = 0 and deg^c' = deg^c > 0 . I t  shows th a t  cd ' = dc* rep resen ts  
two prime fa c to r iz a t io n s , which i s  a  co n trad ic tio n  by Lenina 4 .4 . The 
lemna i s  proved.
Theorem 4 .6 . Let f  be A-p.hcm. in  R .  I f  f  = f n f v f y  --------------------------------------------------- i d  n
i s  th e  fa c to r iz a tio n  o f f  such th a t  each f^  i s  A-nice o r o f  A-degree =
0 and degAf 1 = 0 in p lle s  deSAf i+1  > °» d e g ^  > 0 in p lie s  degAf 1+1 = 0
then th i s  fa c to r iz a t io n  o f f  i s  ab so lu te ly  unique.
P roof. Let f  = f ^ f  2 ' * * f n = gl g2* * ,gm be  two fac 'tor:I-za't:I-ons o f
f  s a tis fy in g  the  hypothesis. By Lemma 4 .5  e i th e r  bo th  f^  and a re
A-nice o r  both f^  and g1 a re  o f  A-degree = 0 . We see th a t  i f  f^
i s  A-nice, i t  i s  A-p.hcm., s ince  f  i s  A-p.ham.. Note th a t  '
f^R f\ g^R i- 0 . Suppose f-jR ^  g^R .
(1) Both f^  and g^ a re  A-nice. I f  f-jR < g-jR , then  f^  = g^r 
fo r  seme nonunit r  e R . Since f^  i s  A-nice, r  i s  A-nice. Now we 
have r f 2 , **fn = g2*, , ^ n » which i s  A-p.hom., where g2 i s  o f deg^g2 = 0 
I t  i s  a  co n trad ic tio n  by Lemma 4 .5 . Thus f-^R /  g^R . S im ila rly ,
®1R /  fj_R . Thus f-^R + g^R = rR fo r  some r  e R . We note th a t 
rR J  f-^R , rR  ^  g^R . I t  follow s th a t  f^  = r t ^  , g1 = r t 2 fo r  some non­
u n it elements t p  t 2 e R* . Hence t-jR + t ^  = R . I t  i s  im possible,
since  t p  t 2 a re  A -nice, which have zero constan t term . Therefore,
flR  = S1R ^  th i s  c a se '
(2) Both f^  and g^ a re  o f  A-degree = 0 . By th e  same argu­
ment in  (1) we conclude th a t  f-jR /  g-jR , g-^ R /  f-jR . Then f^R Ag-^R =
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f\jg^R = g^f^R fo r  some nonunit elements g | ,  f |  £ R* . By C orollary  3.2
i . »
e i th e r  lodeg g1 = 0 o r lodeg f-  ^= 0 . Say lodeg g^ = 0 . We o b ta in
* lf 2**’f n = f l gl s fo r  some s e R • 15:1113 f 2f 3” , f n  = gl s * whlch i s  
A-p.hom.. Since a  A-nlce fa c to r  of f  I s  A-p.hom. and each fa c to r  of
g |  i s  o f low-degree = 0 , i t  must have deg^g^ = 0 . I t  i s  a  co n trad ic tio n
by Lemma 4 .5 , s ince  f 2 i s  A-nice (degAf 2 > 0) . S im ila r ly , i f
lodeg f  ^  = 0 , we have a  co n trad ic tio n . T herefore, f^R = g-jR in  th i s
case.
and then g^ = f ^  fo r  sane u n it ^  o f  R .
I t  follow s th a t  ^2^3 " * ^  = ul g2g3 ’ * '^n * ^  the  same reasoninS as  ija
(1 ), (2) and continuing the  p rocess, we have n = m and g 2 = u”1f 2u2 ,
g3 = u21f 3u3, ' * * j &n = un_ if n fo r  some u n its  u2 ,u 3, • • - . u ^  of R .  
Therefore the  theorem i s  proved.
Example 4 .7 . Consider f  = (x ^ + x ^ x ^ x ^ x ^ ^ l jx ^  e Q CXpX ^x^x^] , 
A-p.hom. in  {x3 ,x^} . The prime fa c to r iz a tio n  i s  no t ab so lu te ly  unique, 
since f  = (x ^ + x ^ x ^ x ^ x ^ + D x ^  = (x^+x^x^) ( x ^ + D x ^  . I f  we consider 
the  fa c to r iz a t io n  f  = (x^+x^x.^) [x^C x^^+l) ]x^ o f  th e  s ta te d  type in  
Theorem 4 .6 , i t  i s  ab so lu te ly  unique.
D e fin itio n  4 .8 . I f  f  e R has a  f a c to r iz a t io n  f  = f ^ ” * ^
in to  prim es, we say th a t  f  has leng th  n .
By Theorem 2.6 a  nonzero, nonunit element o f  R has unique leng th .
Let C1 = {p e R|p i s  prime w ith  zero constan t term} ,
C2 = {q e R|q i s  prime w ith  nonzero constan t term} ,
Hence f.R  = g,R
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51 = { f e R |f  = PiP2***Pn f° v  some P i  e C1  ^ »
52 = {g e R |g = ^ 2**’^  fo r  sane qj  e C2* *
Lemma 4 .9 . I f  f  e R* has no ^ - f a c to r  ( l e f t  fa c to r)  
and f^  i s  an S2 ^ - fa c to r  w ith  minimal leng th , th en  the  fa c to r iz a tio n  
f  = f^g i s  ab so lu te ly  unique.
P ro o f. Let f  = f^g = f 2h be two fa c to r iz a tio n s  o f f  s a t i s f y ­
ing  the  hypo thesis. Since both f^  and f 2 have th e  minimal leng th  in  
th e  fa c to r iz a tio n , they have the  same len g th . We n o te  th a t g and h 
have s^ ^ - fa c to rs .  So we w rite  the  two fa c to r iz a tio n s  o f f  in  th e  
follow ing forms
f  = f l l f l 2’ *, f lkgl l s 2 *
. = f 21f 22*' ‘f 2khl l h2 »
where th e  f ^  a re  C2-prime and g ^ ,  h .^  a re  C-^-prime.
Assume Rg2 / Rh2 . E viden tly , g2 and h2 have th e  same leng th .
So Rg2 /  Rh2 , Rh2 / Rg2 . Then by Rg2 A Rh2 /  0 we have
Rg2 ARh2 = Rh2g2 = Rg^h2 fo r  some nonunit elements h2, g2 e R , where
h 2s 2 = s 2h2 * By Corollar>y 3.5 e i th e r  lodeg h2 = 0 or lodeg g2 = 0 . 
Say lodeg h2 = 0 . We ob ta in  h2 e S2 . We see f  = f j jL ^ '' ’^11^ 11^2 =
f 21f 22‘ ‘ ‘f 2khl l h2 = rh 2g2 = r §2h2 fo r  some r  e R •
f l l f 12 '” *f lk® ll = rh2 » 
f 21f 22“ ’f 2khl l  = rg2 ‘
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Since lodeg g11 > 0 and lodeg h2 = 0 , r  must toe a  nonunit elem ent.
Let r  have the  fa c to r iz a tio n  r  = r ]_lr l 2 ”  #rim ;£nto Prlm es* We note
th a t  m < k . Since g ^  I s  C -prim e , by f n f x2** *^11^11 = r l l r 12”  *r lmh2 
we conclude g -^  ^ r ^  fo r  some n e {1,2, • • • ,m} . I t  im plies th a t  r ^
I s  Cj-prime and th e  r ^  a re  C2-prim e fo r j  /  n  , s in ce  each f ^  
i s  C2-prlm e . Thus r n r i2* * #rl n - l  e S2 w lth  r l n  belng C^-prime and 
len g th  (r n r i 2“  *r in -l^  = which co n trad ic ts
th a t  k i s  th e  le a s t  leng th  o f the  S2 t - f a c to r  o f  f  . S im ila r ly , i f  
say lodeg g2 = 0 , we have a  co n trad ic tio n .
Therefore we conclude th a t  Rg2 = Rh2 . We obtain  h2 = u ^  
fo r  some u n it  u2 and
f n f 12“ ‘f lkg l l  = f 21f 22*, , f 2khl l U2 *
Therefore R g ^  A Rhi;Lu2 ^  0 . I f  Rgi;L /  Rh^Ug , th en  i t  has 
R gn  + Rh-Qu2 = ^ j which i s  im possible, s ince  bo th  lodeg g ^  > 0 and 
lodeg (hj^Ug) > 0 . Hence R g ^  = Rh21u2 and then  hu u2 = ul s l l  *>OP 
some u n it u^ . I t  follow s th a t  f 2 = f 21f 22 ’ ’ **2k = *11*12”  ‘^Ik11! 1 = 
f 1u“1 , h = hi;Lh2 = u1g11u21u2g2=u1g11g2 = iLjg . Therefore f-jg i s  
ab so lu te ly  unique.
Lemm 4 .10 . I f  f  = f  g i s  a  fa c to r iz a t io n  o f  f  such th a t  f^  
i s  an S^ £ -fa c to r  w ith maximal len g th , then  th e  fa c to r iz a t io n  f  = f^g 
i s  ab so lu te ly  unique.
P roof. Let f  = f^g = f ^  be two fa c to r iz a tio n s  o f  f  
s a t is fy in g  th e  hypothesis. Since bo th  f^  and f 2 have th e  maximal
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leng th  in  th e  fa c to r iz a tio n , they have the  same len g th . So f^R /f fgR 
and f  2R {  f-^R •
Assume f^R i- f^R . We may assume w ithout lo ss  o f g en e ra lity  
th a t  f^  and f 2 a re  l e f t  r e la t iv e ly  prime (s in c e  in  R , abR + acR =
aR i f f  bR + cR = R fo r  a ,  b , c e R) . Then f^R + f 2R = R , which
i s  in p o ss ib le , since  both lodeg f^  > 0 and lodeg  f 2 > 0 .
Consequently, we conclude f^R = f ^  and th en  f 2 = f^u ,
h = u_1g fo r  sane u n it  u o f  R . Therefore f-jg i s  ab so lu te ly  unique.
Remark 4 .11 . (1) In  view o f the  proof i n  Lemma 4.10, we note
th a t  i f  f  = f xg =
the  same len g th , then  f 2 = f^u  , h = u_1g fo r  same u n it u o f  R .
(2) I f  f  = f-jg = f-^h such, th a t  f 1 and f 2 a re
S2 £ -fa c to rs  w ith th e  same len g th , th e  conclusion, in  ( 1) does not follow .
For example, consider f  = (x^+l)x^(x^+x^+l) e Q [x^,x2] . We note
f  = (x^+ljx^x^+x-i+l) = (x^+x1+l)x1 (x1+ l) . But (x2+x1+l )  f  (x.j+l)u
2fo r  any u n it u o f R . Moreover, f  = (x^+l)x^(xj+x^+l) does not
2s a t i s fy  the hypothesis in  Lemma 4 .10 , since  f  = x^(x^+l)(x^+x^+1) .
Lemma 4 .12 . I f  f  = f^g I s  a  fa c to r iz a t io n  o f f  such th a t  
f^  i s  an S2 ^ - fa c to r  w ith maximal leng th , then  th e  fa c to r iz a tio n  
f  = f-jg i s  ab so lu te ly  unique.
fJ n  such th a t  f-, and f 2 a r e  S-L t - f a c to r s  w ith
Proof. Let f  = f-jg = f ^  be two fa c to r iz a t io n s  o f  f  s a t i s fy ­
ing th e  hypothesis. By the  same reasoning as  be fo re  we conclude th a t  
fjR  /  fgR , f 2 /  f-jR .
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Assume1 f^R /  f ^  . Then by fVjR C\ f ^  jt 0 , we have 
f^R H f  ^  = f^ ^ R  = f 2f\jR
f^  a re  nonzero, non- 
u n it  elements of R . By C orollary 3 .2  e ith e r  lodeg  f  2 = 0 o r
lodeg f  ^  = 0 . Say lodeg f 2 = 0 . Therefore f 2 e S2 . Now we see 
f  = f jg  = f = f j f ^ r  fo r  some r  e R and f^ fg  e S2 w ith  leng th  
( f l f 2) > leng th  f^  , which c o n tra d ic ts  the  hypo thesis. S im ila r ly , i f  
lodeg f^  = 0 , we have a  co n trad ic tio n .
Therefore we conclude f-jR = f ^  and th en  f 2 = f^u  , h = u~^g
fo r  sane u n it u o f R . Hence f^g i s  ab so lu te ly  unique.
Lemma 4 .1 3 . I f  f  eR *  has no S2 ^ - fa c to r  and f^  i s  an S.  ^
-6- f a c to r  w ith minimal len g th , then  the  fa c to r iz a tio n  f  = f^g i s  ab so lu te ly  
unique.
P roof. Let f  = f^g = f ^  be two fa c to r iz a tio n s  o f  f  s a t i s fy ­
ing  the  hypothesis. Since f^  and f 2 a re  S^ -6- f a c to r s  w ith  th e  same
len g th , by (1) o f Remarks 4.11 we o b ta in  f 2 = f^u  , h = u-1 g fo r  some 
u n it  u o f R . Therefore, f^g i s  abso lu te ly  unique.
D e fin itio n  4.14. Let f  = f nf 0,# , f  . We c a l l  th i s  fa c to r iz a t io n■ ■ 1 2  n
o f f  a  (max S1 , mln S.Q fa c to r iz a tio n  provided:
(1) I f  f^  e S1 , then  f i+1  e S2 j i f  e S2 , then  f i+1  e S^ ;
(2) Each f^  e S1 i s  o f maximal leng th ;
(3) Each f^  e S2 i s  o f  minimal leng th ;
(4) ^  e S^ i f  f  has an S.  ^ -6- f a c to r ;  o therw ise, ^  e S2 .
fo r  some f 2, f^  e R , where f , f 2 = f ^ ' and f 2 ,
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A (max S p  max S2) fa c to r iz a tio n , e t c . ,  i s  defined s im ila r ly .
Theorem 4 .15 . I f  f  = • *fn I s  a  (max S p  min S2) f a c to r i ­
za tio n  o f  f  , then  the  fa c to r iz a tio n  i s  ab so lu te ly  unique.
P roof. The theorem i s  an inm ediate consequence o f  Lemma 4.10 and 
Lenma 4 .9 .
Example 4 .1 6 . (1) Consider f  = (x^+x2) ( x ^ + l jx ^ x ^ ^ + x ^ l )
(XiX2+ l)xi  e Q[XpX2,x 3] . I f  we w rite  f  in  th e  (max S p  min S2) 
fa c to r iz a tio n , we have f  = [ (x ^ x ^ x ^ lC  (x^+l) (x2X2+x2+ l) JC x ^ lC x ^ + l] , 
where f-^ = (x1+x2)x^ , f 2 = (x^+l) ( x ^ + x ^ l )  e S2 , f^  = x^  ^ e S1 ,
fjj = x2x^ + 1 e S2 . Although the  fa c to r iz a tio n  f* = [ (x^+ x^x^C  (x3x2+x2+l) 
(x ^ + D JC x ^ C x ^ + l]  i s  a lso  a  (max S p  min S2) f a c to r iz a t io n ,  we note 
th a t  th e  fa c to r iz a tio n  i s  th e  same as th a t  fa c to r iz a tio n  above, since 
(x^+l) ( x ^ ^ + x ^ l)  = (x3x2+x2+ l) (x^+l) .
(2) Consider g = (x^+1) (x^x^+x^+1) (x^+l) (x^x^+x^x^) e 
QCx^jX^jX^] . I f  we w rite  g in  the  (max S p  min S2) fa c to r iz a tio n , we 
have g = [XjXjj+Xjj+l][x^^+x^x^][ (x^+1) (x^+l) ] , where g1 =
x^X|| + Xjj + 1 E S2 , g2 = xxx3 + x1 + x3 e S1 , g3 = (xx+l) (x3+ l) e S2 .
Remark 4 .17 . In  (2) o f Example 4.16 we see th a t g.^  = x^x^ + x^ + 1
i s  an S2 ^ - fa c to r  w ith  minimal leng th . By g = (x^+1) (x ^ + x ^ + 1 ) (x3+l)
(x1x3+x1+x3) , x^ + 1 i s  an S2 ^ - fa c to r , but x^ + 1 ^  g^ .
Theorem 4 .1 8 . I f  f  = 13 a  m^ax s i» S2) fa c to r iz a tio n
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o r a  (max S2, max S^) fa c to r iz a tio n , then th e  fa c to r iz a tio n  i s  abso lu tely  
unique.
P roof. The theorem i s  an immediate consequence o f Laima 4.10 and 
Lenma 4.12.
p
Example 4 .19 . Consider f  = x^x^+x^+1)(x^+lJx-jX^x-jX^+x^+l) e
QCx^ x^] . I f  we w rite  f  in  th e  (max S^, max S2) fa c to r iz a tio n , we
2
have f  = [ x ^ X  ( x ^ x ^ l )  (x.j+1) (x ^ + x ^ + l)  ][x^] , where f 1 = x ^  e ,
2
f 2 = (x1+x1+l) ( x 1+l)(x^Xj+x^+l) e S2 , = x^ e . The fa c to r iz a tio n  i s
abso lu te ly  unique. I f  we w rite  f  in  the  (max S2, max S^) fa c to r iz a tio n ,
we have f  = [(x -j+ x ^ l) (x.j+1) Xx^x-jX^Xx-jX^+x^+l] , where f-  ^ =
2
(x1+xi +l ) ( x 1+l )  e S2 , f 2 = x-jX-jX  ^ e , f^  = x^x^ + x^ + 1 e S2 .
Theorem 4.20. I f  f  = f , f 0***f i s  a  (max SOJ min S , ) f a c to r i -  ------------------- ± 2 n 2* 1
za tio n , then th e  fa c to r iz a tio n  I s  ab so lu te ly  unique.
P roof. The theorem I s  an immediate consequence o f Lenma 4.12 and 
Lenma 4.13.
Examples 4 .21 . (1) Consider f  = (x - j+ x ^ x ^ x ^ + x ^ lH x ^ + l)  
x1(x2x1+ l) e Q E x^x^x^] . I f  we w rite  f  in  th e  (max S2, min 
fa c to r iz a tio n , we have f  = [ x ^ + x ^ C x ^ + l X x ^ X U ^ + x ^ l K x ^ + l ) ] ^ ]  , 
where ^  = x1 + x2 e , f 2 = x^ + 1 e S2 , f^  = x^ e S1 , fjj = 
(x2X2+x2+ l)(x 1x2+ l) e S2 , f -^ = x^ e . Note th a t  f  does not have an 
S2 ^ .-fac to r.
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(2) Consider g = (x - j+ D x ^ x ^ + x -j+ l) (x-jX^+x^+l) 
(x1x3+x1+x3) (x-,+1) e Q[x1 Jx2 ,x3 ,x lj] . I f  we w rite  g In  th e  (max S2 , min S-L)
fa c to r iz a tio n , we have g = [ ( x-j+1 ) (x ^ + x ^ l ) ] [x2] [ ( x-jX^+x^+1 ) (x-j+1 ) ] 
[x3x1+x1+x3] , where g1 = (x1+ l)(x 2x1+x2+ l) e S2 ,  g2 = x2 e S1 ,
g3 = (x1xlj+x1|+ l)(x 1+ l) e S2 , gjj = x ^  + xx + x3 e S± . The fa c to r iz a tio n
is  ab so lu te ly  unique.
CHAPTER V
ABSOLUTELY UNIQUE PRIMARY FACTORIZATION IN A POLYNOMIAL DOMAIN
As b e fo re , R denotes th e  polynomial domain R = F[M] and
U(R) denotes the  group o f  u n its  o f  R .
1. D efin itio n s  and Consequences
D efin itio n  5 .1 [ 1 ] . An element f  e R * \U (R ) I s  c a lled
p-prlmary fo r  some prime p I f f  every prime fa c to r  o f f  I s  s im ila r  to
P •
E viden tly , I f  f  e R Is  prim e, then  f  i s  f-prim ary . I f  f  =
p^p7***pn I s  a  fa c to r iz a tio n  of f  in to  prim es, then  f  i s  p-prlmary 
fo r  some prime p i f f  pi  ^  p^ fo r  a l l  1 , j  .
D efin itio n  5.2 [ 1 ] . We c a l l  f  = f^ f^ * ' *^n a  primary f a c to r i ­
za tio n  o f f  i f f  each f^  i s  p^-primary fo r  some prime p1 and pi  i> p^ 
whenever 1 /  j  .
x
By th e  d e f in it io n  we see th a t  f  e R has a  primary fa c to r iz a tio n  
i f f  f  can be rep resen ted  as  a product o f  prime fa c to rs  such th a t  the  
s im ila r  prime fa c to rs  a re  consecutive.
Remarks 5 .3 . (1) By Theorem 2.8 and D efin itio n  5 .1 we note th a t
i f  f  e R i s  p-prim ary fo r  some prime p and q ^  f  , then q i s  p -  
prim ary.
(2) By Theorem 2.8 and D efin itio n  5 .2 we note th a t  
i f  f  = f - ^ * " "*n a  Prim arY fa c to r iz a tio n  o f f  in  R , then f^  y! f
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whenever 1 /  J .
I t  i s  known th a t  any primary fa c to r iz a t io n  o f a  nonunit element 
in  R i s  unique up to  order o f  fa c to rs  and s im ila r i ty  as  follows (see 
Beauregard and Johnson [1 ] ) .
£
Theorem 5 .4 . I f  f  e R \U ( R )  has two prim ary fa c to r iz a tio n s  
f  = f-jf^* • 'f j j  = y then  m = n 31x1 ^  fo r  sane
perm utation a o f  { l ,2,***,n} .
2 . Absolutely Unique Primary F a c to riz a tio n
I f  f  e R has a  primary fa c to r iz a tio n  f  = f-jf 2* ‘ ' f n » then  f  
can be rep resen ted  as a  product
(1) f  = •(<&!•„>
fo r  any u n its  UpU2, • • • o f  R •
D e fin itio n  5 .5 . We c a l l  a  primary fa c to r iz a tio n  f  = f^ f2 “ ' f n 
o f  f  ab so lu te ly  unique i f  every o th e r re p re se n ta tio n  o f f  as a  primary 
fa c to r iz a tio n  has the  form (1) above fo r  some choice o f the  u n its  
o f  R .
We s h a l l  now d iscuss necessary and s u f f ic ie n t  conditions fo r  a 
primary fa c to r iz a t io n  o f an element f  e R to  be ab so lu te ly  unique.
6H
Lenina 5 .6 . I f  p i s  a  prime fa c to r  o f  gh , then p i s  s im ila r
to  e i th e r  a  prime fa c to r  o f g or a  prime fa c to r  o f  h .
P roof. Obvious.
I t  i s  well-known th a t  the  follow ing lemna i s  tru e  in  R .
Lemma 5 .7 . I f  fR A gR = fg 'R  = gf*R and fR + gR = hR , where 
fg ' = g f ' , then th e re  e x is t  f Q, gQ e R such th a t  f QR A gQR = 
f 0g'R  = SQf R and f QR + gQR = R , where f Qg ' = gQf ’ , f  = h fQ , g = 
hg0 ^  "  f ' » S0 -  g ' •
Lenma 5 .8 . Let f  = ^ ^ 2 * * ‘ f n be a  primary fa c to r iz a tio n  o f f  . 
I f  h  i s  a  fa c to r  o f  f  , say f  = ghk fo r  sane g , k e R , such th a t
h ^  f^  fo r  some i  , where f^  i s  p^p rim ary  fo r  sane prime p^ , then
h i s  p^-primary and no prime fa c to r  o f g o r  k i s  s im ila r to  p^ .
P roof. By (1) o f Remarks 5.3 h i s  p^-prim ary. I f  f^  has 
leng th  k , by the  d e f in i t io n  o f primary fa c to r iz a t io n  and Remark' 2 .7  f  
has exactly  k prime fa c to rs  which a re  s im ila r  to  pi  . By Theorem 2.8 
h has leng th  k and i t s  k prime fa c to rs  a re  s im ila r  to  p^ . S ince h 
i s  a  fa c to r  o f  f  = ghk , so no prime fa c to r  o f g o r k i s  s im ila r  to  
P± .
Lemna 5 .9 . I f  f  has a  primary fa c to r iz a tio n  and f  = h^g , 
where h^ i s  q-j-primary fo r  sane prime and no prime fa c to r  o f  g i s  
s im ila r  to  q^ , then g has a  primary fa c to r iz a tio n ; th a t  i s ,  h^g has
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a primary fa c to r iz a tio n  w ith as the  f i r s t  primary fa c to r .
P roof. By hypothesis, l e t  f  = f ^ *  • ' f n be a  primary f a c to r i ­
za tio n  o f f  , where each f^  i s  p^-primary fo r sane prime p^ . Of
course p^ p^ whenever i  ^ j  by d e f in it io n . We s h a ll  prove the
lemna by mathematical induction  on n .
When n  = 2 , we have f  = f ^  = h-jg . C learly , g i s  a  primary
fa c to r  o f  f  and so th e  lemna i s  tru e  in  th i s  case.
Assume th a t  th e  lemna i s  tru e  when n = k . Consider f  =
f- j^ *  * ‘f ^ f ^ n  = • Note fjR  A h^R /  0 .
(1) I f  fjR  = h^R , then  f^  = h^u fo r  some u n it u o f  R .
Thus u fg f3 ” ’f k+l = g and so the  lemma i s  t ru e .
(2) Assume f^R /  h^R .
(A) Suppose f-jR < h^R , then  f^  = h^t^  fo r  some nonunit element
t^  o f  R . I t  shows th a t  f p  h^ and t^  a re  p^-primary and ^ .
By t ^ f 2 * • ‘ Rk^k+l = S we see th a t  a  prime fa c to r  o f t-^ i s  a lso  a  prime 
fa c to r  o f g . Thus g has a  prime fa c to r  s im ila r  to  , which contra­
d ic ts  the  hypothesis. Therefore (A) i s  not t ru e .
(B) Suppose h-jR < f^R , then h^ = f^ tg  fo r  seme nonunit element
t 2 o f  R . I t  shows th a t  f^  and t 2 a re  q^-primapy and q^ ^  .
By f 2f 3 -* -fkf k+1 = t 2g we see th a t  a  prime fa c to r  o f t 2 i s  s im ila r  to
a  prime fa c to r  o f  some f j  fo r  j  /  1 by Lemma 5.6 . I t  follows th a t
Pj ^  ql  ^  P1 * where j  ^ 1 • I t  i s  a  co n trad ic tio n . Therefore (B) i s
no t tru e .
(C) I f  f-jR A hjjR ? f-^R , h-jR , then  we have f-jR A h-jR = f ^ R  = 
h^f^R and f^R + h-jR = sR fo r sane h |  , f |  , s  t  R ,  where f-jh^ =
^1*1 ’ note th a t  f-[, h |  a re  nonunit elements and sR i- f^R , h-jR .
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(T) Suppose s i s  a  nonunit elem ent. By Lenina 5 .7 th e re  e x is t
T p  r 2 e R such th a t
A r ^  = r^h^R = ^ f ^ R  , r^R + r^R = R ,
where r ^  = r 2f |  , f 1 = s ^  , ^  = s r 2 and r1 ^  f^  , r 2 n, h^ . We 
n o te  th a t  r ^  and r 2 a re  nonunits. We observe th a t  f ^ ,  h^ and r^  
a re  q ^p rim ary , since  f^  and h^ have th e  same fa c to r  s . Since
f  = f j f y  ‘ ’f k+l = hl g e f l R A hl R » we f l f 2**’f k+l = hl g = ^ ^ 3  =
h i f ^ s  fo r  some t^  e R . Thus g = f^ t^  . Since f^  ^ r^  , by (1) o f
Remarks 5-3 f-[ i s  q-j-primary. I t  follows th a t  g has a  prime fa c to r
s im ila r  to  q1 , which c o n tra d ic ts  th e  hypothesis.
I f  s  i s  a  u n i t ,  then we have f^R + h^R = R and f^R A h^R =
f l hi R = hi f l R * Thus f l  ^  f l  » hl  * hl  ^  f l f 2 ‘ “ f k+l = hl g = *1*1*3 =
h i f ^ t 3 fo r  some t^  e R . I t  follows th a t
f 2 *‘ ’f k+l = *1*3 * s  = f l t 3 *
f  9 I
Since h^ ^ h^ , h^ i s  q^-prim ary. By g = f-^t^ we see th a t  no prime 
fa c to r  o f  t^  i s  s im ila r  to  q^ . T herefore, f 2**,;fk+l = h1^3 s a t i s f i e s  
th e  hypothesis in  the  case n = k . By induction  hypo thesis, t^  has a
prim ary fa c to r iz a t io n . We note th a t  a  prime fa c to r  o f  t^  i s  not s im ila r
to  p^ . Since f^  ^  f^  , f^  i s  p^-prim ary. Therefore, g = f-Jt^ has
a  primary fa c to r iz a t io n . The lemma i s  tru e  when n = k + 1 .
Hence, the  lemma i s  proved.
Lemma 5 .10 . I f  f  has a  prim ary fa c to r iz a tio n  f  = f ^ f 2 •*•f n 
and f  = h^g , where h^ i s  s im ila r  to  f^  fo r  sane i  , then  g has 





h1 as th e  f i r s t  primary fa c to r .
Proof. By Lenina 5.8 and Lemma 5 .9 .
Theorem 5 .11 . I f  f  = f ^ f ^  • *fn I s  a  prim ary fa c to r iz a tio n  o f 
f  in  R such th a t  f ^ f ^  has ab so lu te ly  unique prim ary fa c to r iz a tio n  
fo r  1 = 1 ,2 , • • • ,n - l  , then f  has abso lu te ly  unique primary fa c to r iz a ­
t io n .
Proof. We carry  out mathematical Induction  on n . By hypothesis 
the  theorem i s  tru e  when n = 2 .
Assume th a t  i t  i s  tru e  when n = k . Let f  = f-jf 2 ' ’ **k+l = 
gl g2*” gk+l two Prlm ary fa c to r iz a tio n s  o f f  ,  where each f^  i s  
p^-prim ary; each g^ i s  q^-prim ary. Assume th a t  f ^ f1+1 has abso lu te ly  
unique primary fa c to r iz a tio n  fo r  i  = 1 ,2 ,■ ■ •,k  .
Suppose f-jR ^ g-^ R .
(1) I f  f-jR < g^R , then f^  = g^t^ fo r  sane nonunit element
o f  R . I t  shows th a t  f^ , g^ and t^  a re  p^-primary and p^ ^  .q^ .
We o b ta in  ” *k+l = s 2 ” ’gk+l ’ Lemma 5 .6  a  prime fa c to r  o f
t^  i s  s im ila r  to  a  prime fa c to r  o f g^ fo r  some j  f  1 . I t  follow s th a t  
p^ ^  q^ fo r  some j  jt 1 and so q.  ^ * q^ fo r  some j  1 1 . I t  i s  a  
co n trad ic tio n . Therefore (1) i s  no t tru e .
(2) I f  gjR < f-jR , then  by the  same reasoning in  (1) we have
a  co n trad ic tio n . Therefore (2) i s  not t ru e .
(3) I f  f-jR A g^R 1 f^R , g^R , then by the same argument in  (T)
o f the proof of Lemma 5.9 we obtain f^R + g^R = R , f^R A g-jR = f^g-jR =
g ^ R ,  Where end ^  f ’ , g l . Thus f 1f 2" T k+1 =
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gl g2* “ gk+l = f l s l r  = gl f l r  fo r  some r  e R 3114 then
(A) V 3'" fkH '  '
Since g-^  ^  g1 , by Lemma 5.8 g^ i s  q-j-primary and no prime fa c to r  o f 
f^  o r r  i s  s im ila r  to  . Then applying Lemma 5.9 to  (A) above we
see th a t  g^r has a  primary fa c to r iz a tio n  w ith g^ as the  f i r s t  primary 
fa c to r . By induction  hypothesis f 2f 3*“ f k+l has ab so lu te ly  unique 
primary fa c to r iz a tio n , hence we have g^ = f 2u2 fo r  sane u n it  u^ o f R . 
Thus f]_^2u2 = ^ lgl  = gl* l  ‘ Since f |  ^ f^  , by Lemma 5.10 and Theorem 
5.4 g ^  i s  a  primary fa c to r iz a tio n . By hypothesis ^ j^ 2u2 ^  
ab so lu te ly  unique primary fa c to r iz a t io n , we conclude g1 = f ^  fo r  some 
u n it  u^ o f R . Therefore g^R = f  R , which co n trad ic ts  th e  assumption 
g-jR J1 f-jR .
Consequently, we have f^R = g^R . Thus g^ = f^u^ fo r scxne
u n it  u^ and so f 2f 3*” f k+l = ul g2g3 ' " glcH * By induction  hypothesis 
th e  primary fa c to r iz a tio n  f  2f  ^ • • • f  i s  ab so lu te ly  unique, so i s  th e
primary fa c to r iz a tio n  f  = f i f 2’ ” f k+l * 11118 theorem l s  tru e  when
n = k + 1 . Therefore the theorem i s  proved.
Theorem 5.12. Let f  = f , f „ • • • f  be a  prim ary fa c to r iz a tio n  o f------------------- 1 2 n
f  in  R , where each f^  i s  p^-prlmary fo r  sane prime p1 . I f  fo r  each
I  = 1 ,2 , •*, ,n - l  th e re  e x is t  no t ,  , t .  in  R such th a t  t .  f., +i 2 ±1 i
= 1 , then  the  primary fa c to r iz a tio n  f  = f ^ f  2 • *' i s  ab so lu te ly
unique.
Proof. By Theorem 5.11 i t  w i l l  su ff ic e  to  prove th a t  the  theorem
I
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i s  tru e  when n = 2 . Let f  = f^fV, be a  primary fa c to r iz a tio n  o f f  
s a tis fy in g  th e  hypothesis (th e re  e x is t  no t p  t^  i n  R such th a t
t l f l  + f 2t 2 = ^ •
Suppose f  has two primary fa c to riz a tio n s  f  = f ^  = g-jg,, ,
where each f^  i s  p^-prim ary; each gi  i s  q^-prim ary. We have
fjR  Ag-jR ¥  0 and f^R ¥  g-jR . Using the  same reasoning in  (1) and (2)
o f th e  p roof o f Theorem 5.11 we conclude f-jR ¥ g-jR , g-jR ¥ f^R . Then
by the  same argument in  (T) o f th e  proof o f Lemma 5.9 we f in a l ly  ob ta in
(1) fjR  + g-jR = R , f xR C\ g-jR = hR
i i i t
fo r  sane h e R , where h = f^g^ = g^f^ fo r  sane g p  f^  e R and
f l  ^  f 1 ‘ gl  ^ S1 • Thus 1i f 2 = s l s 2 = f l s l r  = s l f l r  fo r  some r  e R
and so f 2 = g-Jr , g2 = f-Jr . I f  r  i s  a  nonunit elem ent, th en , since
f 2 and g2 have the  same fa c to r  r  , f 2, g2 and f^  a re  p 2-prim ary.
i i
Since f^  ^ f^  , f^  i s  p^-prim ary. I t  follows th a t  'v- p2 , which i s
a  co n trad ic tio n . Therefore r  i s  a  u n i t .  Thus
(2) f ^ " 1 = g} , g ^ " 1 = f |  .
From (1) we have + g.jS2 = 1 fo r  some S p  s 2 e R . I t  follow s th a t
0 ¥ S is 2f i  = f i^ 1_si f i^ e f iR • Thus 81s2f i  = f l ^ l - s l f l^ =
f^g^r^ = S if i r i  fo r  sane r ]_ E R , then
1 “  s l f l  = s l r l  »
Sl f l  + gl r l  = 1 »
s i f i  + f 2r _ l r i  = 1 (fey (2)) •
I f  we pu t tjj = s 1 , t 2 = r -1 ^  , then we have t^ f^  + f 2t 2 = 1 . We
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conclude th a t  i f  th e re  e x is t  no t p  t 2 in  R such th a t  t^ f^  + f 2t 2 = 
1 , then  the  prim ary fa c to r iz a tio n  f  = f 1f 2 i s  ab so lu te ly  unique. 
Therefore the  theorem i s  proved.
Theorem 5.13 (the  converse o f Theorem 5 .1 2 ) . I f  th e  primary
fa c to r iz a tio n  f  = f ^ f  2 * *•f n i s  ab so lu te ly  unique, then  th e re  e x is t  no
t . , t  in  R such th a t t .  f .  + f . . - i t ,  = 1 fo r  each i  = l ,2 ,* * * ,n - l
X1 x2 X1 2
Proof. L e t 's  begin w ith n = 2 and l e t  th e  primary fa c to r iz a tio n  
f  = P jf2 be ab so lu te ly  unique. We s h a l l  show th a t  th e re  e x is t  no t p
t 2 in  R such th a t  t ^  + f 2t 2 = 1 .
Assume th a t  th e re  e x is t  t p  t 2 in  R such th a t  t^ f^  + f 2t 2 = 1
Then 0 ^  t ^ f g  = f 2( l - t 2f 2) . Therefore we o b ta in
t^R + f ^  = R , t^R f \ f  rfi. = hR
fo r  some h e  R , where h = t 1f 2 = fg t^  fo r  sane f 2, t ^  e R and 
t i  * t ^  , f 2 ^  ?2 * Thus
(1) = f 2^1 _ t2f 2^  = ^ 1 ^  = f 2t l r  fo r  some r  e R
and then f^ f2 = f 2r  .
. i
By Lemna 5.10 and Theorem 5.4 f ^  I s  a  prim ary fa c to r iz a tio n . 
Since th e  primary fa c to r iz a tio n  f ^ f 2 i s  ab so lu te ly  unique, i t  has 
f 2 = f-jU and r  = u-1 f 2 fo r  some u n it u of R . By (1) i t  has
1 -  v 2 = V  •
t 2f 2 + t l U f  2 = 1 *
( t 2+ t |u _1) f 2 = 1 .
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I t  shows th a t  f 2 I s a  u n i t ,  which I s  a co n trad ic tio n . Therefore I f  the  
primary fa c to r iz a tio n  f  = f - ^  i s  abso lu tely  unique, then th e re  e x is t  
no t p  t 2 in  R such th a t  t^ f^  + f 2t 2 = 1 .
We now assume n > 2 and th e  primary fa c to r iz a t io n  f  = f - ^ *  • *fn
i s  ab so lu te ly  unique. Suppose th a t  th e re  e x is t  seme t .  , t  in  R
*1 2
such th a t  f^  + f i+1t i  = 1 fo r  some i  . By th e  above proof fo r  
n  = 2 , th e  primary fa c to r iz a tio n  ^ f ^  i s  not ab so lu te ly  unique. I t  
im plies th a t  the  primary fa c to r iz a tio n  f  = f ] f 2* ,m?n  i s  not abso lu te ly  
unique, which c o n trad ic ts  the  hypothesis. Therefore the  theorem is  proved.
C orollary  5.1*L Let f  = f-jfL/ * *f^ be a prim ary fa c to r iz a tio n
o f  f  . I f  fo r  each i  = 1 , 2 , ■  ,n - l  f^  and f i+1 generate  a  proper
id e a l  in  R , then  th e  primary fa c to r iz a tio n  f  = f ^ f 2‘ * *fn i s  ab so lu te ly
unique. Moreover, the  primary fa c to r iz a tio n  f  = *, f 2f l  i s  81130
ab so lu te ly  unique.
P roo f. Since f^  and f 1+1 generate  a  p roper id e a l  in  R ,
we see th a t  RfjR + R fp^R  < R fo r  i  = 1 ,2 , • • • ,n - l  . This shows th a t
th e re  e x is t  no t .  , t .  in  R such th a t  t .  f .  + f .  , , t .  = 1  fo r
xi  H  1i 1 1+1 h
i  = 1 ,2 , • • • ,n - l  . By Theorem 5.12 th e  primary fa c to r iz a t io n  f  = 
f^ fg * • *fn i s  ab so lu te ly  unique. S im ila rly , by th e  same reasoning th e  
primary fa c to r iz a tio n  f  = f nf n i " ‘ **2*1 l s  3130 ^ s o lu te ly  unique.
C orollary  5 .15 . I f  f  = f-^f2• • *f n i s  a  prim ary fa c to r iz a tio n  o f 
f  such th a t  fo r  each I  = 1 ,2 , • • • ,n  f^ has zero constan t term , then 
th e  primary fa c to r iz a tio n  f  = f ^ 2 * ” fn l s  31)30 unique.
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P roof. We see th a t  fo r  each i  = 1 ,2 , • • * ,n  e i th e r  t .  f .  +
11 1
'i+i^  ■0 “■ V1 + fl+ltl2£ R for w V %E R' 87
Theorem 5.12 the  c o ro lla ry  i s  proved.
C orollary 5 .16 . I f  the  polynomial f  e R i s  homogeneous and 
i t  has a  primary fa c to r iz a tio n , then the  primary fa c to r iz a t io n  i s  ab so lu te ly  
unique.
P roof. I t  i s  an immediate consequence o f C oro llary  5.15.
Examples 5 .17 . (1) Not every element in  R has a  primary
fa c to r iz a tio n . For example, consider f  = x^x^+ x^jx^ in  Q[x^,x2] . 
Although th e  prime fa c to r iz a tio n  i s  ab so lu te ly  unique, f  does no t have 
a  primary fa c to r iz a tio n , since  x1 i s  x^-prim ary, x^ + x2 i s  (x.j+x2) -  
primary and x^ i s  x^-prim ary, where x^ n, x^ .
(2) Consider g = (x!jVl)(Xg+l) in  R = F[M] ,
where F i s  the  f i e ld  o f r e a l  quatern ions. Since (x^+ i)j = j ( x ^ - i )  ,
where j  i s  a  u n i t ,  i t  follows th a t  x^ + i  <v» x^ -  i  (see C orollary  3.13)
2
and so by D efin itio n  5 .1 x1 + 1 = (x ^+ i)(x^-i) i s  (x ^+ i)-p rin ary .
2
S im ila r ly , x2 + 1 i s  (x2+ i)-p rim ary . We see th a t  x^ + i  /  x2 + i
2 2and g = (x^+ l)(x2+ l) i s  a  primary fa c to r iz a tio n  o f  g . Obviously, the
2 2primary fa c to r iz a tio n  g = (x-j+1) (x2+ l) i s  ab so lu te ly  unique. But g 
does not have ab so lu te ly  unique prime fa c to r iz a t io n , since  g = 
(x ^ iK x j- iK x g + iK x g - i)  = (x1+ j)(x 1—j ) ( x 2+ j)(x 2—j )  = ••• .
(3) Consider h = (x ^ tl)x ^  in  R = F[M] , where
2
F i s  the  f i e ld  o f  r e a l  q uatern ions. We see th a t + 1 i s  (x^+i)-prim ary
2 2 2 and x^ i s  x^-prim ary. Thus (x^+ljx-^ i s  a  prim ary fa c to r iz a tio n  o f  h .
2 2The primary fa c to r iz a tio n  I s  n o t ab so lu te ly  unique, s in ce  h = x^(x^+l) 
i s  another primary fa c to r iz a tio n  o f h  .
Remark 5 .18. I f  f  has abso lu tely  unique prime fa c to r iz a tio n  and 
i t  has a  primary fa c to r iz a tio n , then th e  primary fa c to r iz a tio n  o f  f  i s  
ab so lu te ly  unique.
R ecall th a t  in  Theorem 3.22 we have discussed necessary and 
s u f f ic ie n t  conditions fo r  a  prime fa c to r iz a tio n  o f an element in  R to  
be ab so lu te ly  unique. Now we see th a t i t  has the same necessary and 
s u f f ic ie n t  conditions fo r  a primary fa c to r iz a tio n  o f  an element in  R to  
be ab so lu te ly  unique. By th e  same method and reasoning as we d id  from 
Theorem 3.22 in  Section  4 o f Chapter 3 we can show th a t  the  theorems from 
Theorem 3.22 in  Section  4 o f Chapter 3 a re  a lso  tru e  when we consider the  
primary fa c to r iz a tio n  ( i f  i t  e x is ts )  o f  an element in  R .
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